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♥✉♠ér✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧
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❝♦♥❝❡♣ts ❛♥❞ ♠❡t❤♦❞s ❢♦r ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❖❉❊✳ ❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❛ ❤✐❣❤✲♦r❞❡r
❖❉❊ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s②st❡♠ ♦❢ t❤❡ ✜rst ♦r❞❡r ❖❉❊s✱ t❤❡ ♠♦st ❝r✉❝✐❛❧ ✐s t♦ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ❖❉❊ ♣r♦❜❧❡♠✿


dy
dt
≡ y′ = f(t, y), t > 0,
y(0) = y0,
✭✶✮
✇❤❡r❡ y(t)✱ f(t, y) ❝❛♥ ❜❡ ❡✐t❤❡r ❢✉♥❝t✐♦♥s ♦r ✈❡❝t♦r✲❢✉♥❝t✐♦♥s✳
▲❛t❡r ♦♥✱ ✐♥ ❛❧❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✇❡ ✐♥t❡♥❞ t♦ ❞✐s❝✉ss ✐♥ t❤❡ ❝✉rr❡♥t ✇♦r❦ ✇❡ ✇✐❧❧ ✉s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ k st❛♥❞s ❢♦r t❤❡ t✐♠❡ st❡♣✱ yn ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛t
tn = nk ✭t❤❛t ✐s yn ≈ y(tn) ❢♦r ❛❧❧ ✐♥t❡❣❡r n st❛rt✐♥❣ ❢r♦♠ 0✮ ❛♥❞ fn = f(tn, yn)✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺
✷✳✶ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s
❚♦ ✐♥tr♦❞✉❝❡ s✉❝❤ ❛ ♣♦✇❡r❢✉❧ ✐♥str✉♠❡♥t ❛s ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✱ ✇❡ st❛rt ✇✐t❤ r❡✇r✐t✐♥❣
t❤❡ ❖❉❊ ♦❢ ✭✶✮ ✐♥ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠✿
y(tn+1) = y(tn) +
tn+1∫
tn
f(t, y(t))dt. ✭✷✮
❖♥❡ ❝❛♥ s❡❡ t❤❛t ✉s❡ ♦❢ t❤❡ ♠✐❞♣♦✐♥t ❢♦r♠✉❧❛ ❢♦r ✐♥t❡❣r❛t✐♦♥ ❧❡❛❞s t♦
yn+1 = yn + kf
(
tn +
k
2
, y
(
tn +
k
2
))
✇❤❡r❡ y
(
tn +
k
2
)
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ❥✉st ❊✉❧❡r
♠❡t❤♦❞✿ y
(
tn +
k
2
)
= yn +
k
2
fn ✭✇❤✐❝❤ ♣r❡s❡r✈❡s ❤❡r❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ♠✐❞♣♦✐♥t ❢♦r♠✉❧❛ ❞✉❡ t♦ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ f ❜② k✮✳ ❚❤✐s ♣❛rt✐❝✉❧❛r s❡❝♦♥❞✲♦r❞❡r
♠❡t❤♦❞ r❡❢❡rr❡❞ ❛s ❘❑✷ ❣❛✈❡ ✐♥s♣✐r❛t✐♦♥ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ♦❢ ✇❤❛t ✐s ❝❛❧❧❡❞
❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✳
❆❧❧ t❤❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ❛r❡ ♦♥❡✲st❡♣ ♠❡t❤♦❞s ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t t♦ ✜♥❞ ✈❛❧✉❡
yn+1 ♦♥❡ ♥❡❡❞s t♦ ❦♥♦✇ ❥✉st t❤❡ ✈❛❧✉❡ ❛t t❤❡ ♣r❡✈✐♦✉s t✐♠❡ st❡♣ yn✮✱ ❤♦✇❡✈❡r✱ ✇✐t❤✐♥ ♦♥❡
t✐♠❡ st❡♣ ✇❡ ❤❛✈❡ ✐♥t❡r♥❛❧ st❛❣❡s✳
●❡♥❡r❛❧ s✲st❛❣❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ r❡❛❞s✿


Yi = yn + k
s∑
j=1
aijf(tn + cik, Yj), 1 ≤ i ≤ s,
yn+1 = yn + k
s∑
i=1
bif(tn + cik, Yi),
✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts aij , bi, ci ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ s♦♠❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥s ✭✇❡ r❡❢❡r✱
❢♦r ❡①❛♠♣❧❡✱ t♦ ❬✸❪✮ ✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ ❜❡❝♦♠❡ ❡①tr❡♠❡❧② ❝✉♠❜❡rs♦♠❡ ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥✉♠❜❡r
♦❢ st❛❣❡s s✳
■❢ t❤❡ ♠❛tr✐① aij ✐s ❧♦✇❡r ❞✐❛❣♦♥❛❧✱ t❤❡♥ ❛ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✐s ❡①♣❧✐❝✐t✳ ❖r❞❡r ♦❢
❛❝❝✉r❛❝② ♦❢ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ✐s ✉s✉❛❧❧② ❧❡ss t❤❛♥ ♥✉♠❜❡r ♦❢ st❛❣❡s s ❛♥❞ ❡q✉❛❧ t♦ ✐t
❘❘ ♥➦ ✼✵✻✼
✻ ❉✳ P♦♥♦♠❛r❡✈
❥✉st ❢♦r ❛ ❝♦✉♣❧❡ ♦❢ ♠❡t❤♦❞s✱ ♦♥❡ ♦❢ t❤❡♠ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❢♦✉rt❤✲♦r❞❡r ♠❡t❤♦❞ ❘❑✹✳ ❙✐♥❝❡ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞✐✣❝✉❧t② ✐♠♣♦s❡s r❡str✐❝t✐♦♥s ♦♥ ✉s❛❣❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤✲
♦❞s✱ t❤❡ ❘❑✹ ♠❡t❤♦❞✱ ❤❛✈✐♥❣ ❛❧s♦ ❣♦♦❞ st❛❜✐❧✐t② ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞
❛♥❞ s♦♠❡t✐♠❡s ✐s ❡✈❡♥ r❡❢❡rr❡❞ ❛s ❥✉st t❤❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞✳
✷✳✷ ▲✐♥❡❛r ♠✉❧t✐st❡♣ ♠❡t❤♦❞s
❆ ❧✐♥❡❛r s✲st❡♣ ♠❡t❤♦❞ ✐s ❣❡♥❡r❛❧❧② ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
s∑
j=0
αjyn+1−j = k
s∑
j=0
βjfn+1−j ,
✇❤❡r❡✱ ❜② ❝♦♥✈❡♥t✐♦♥✱ ✇❡ s❡t α0 = 1✳
■❢ β0 = 0✱ t❤❡♥ t❤❡ ♠❡t❤♦❞ ✐s ❡①♣❧✐❝✐t ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡✿
yn+1 =
s∑
j=1
(−αjyn+1−j + kβjfn+1−j) .
❆❞❛♠s ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ ✉s✐♥❣ ❛♥ ✐♥t❡r♣♦❧❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧ t♦ ❛♣♣r♦①✐♠❛t❡ f(t, y)
✐♥ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠ ✭✷✮ ❛♥❞ ❡❛s✐❧② ♣❡r❢♦r♠ ✐♥t❡❣r❛t✐♦♥✳ ■❢ ✐♥t❡r♣♦❧❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ✐s ❞r✐✈❡♥
t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts tn✱ tn−1✱ . . .✱ tn−s+1 ✱ t❤❡ ♠❡t❤♦❞s ❛r❡ ❡①♣❧✐❝✐t ❛♥❞ t❤❡② ❢♦r♠ ❆❞❛♠s✲
❇❛s❤❢♦rt❤ ❢❛♠✐❧②✳ ■♥ ❝❛s❡ ✇❡ ♠❛❦❡ ✐♥t❡r♣♦❧❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❛❞❞✐t✐♦♥❛❧❧② ♣❛ss t❤r♦✉❣❤
tn+1✱ ✇❡ ❞❡r✐✈❡ ❆❞❛♠s✲▼♦✉❧t♦♥ ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ♦❜✈✐♦✉s❧② ✐♠♣❧✐❝✐t ✭s✐♥❝❡
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥✈♦❧✈❡s yn+1✮✳
❆♥♦t❤❡r ❝♦♠♠♦♥❧② ✉s❡❞ ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞s✱ ❇❉❋ ✭❇❛❝❦✇❛r❞ ❉✐✛❡r❡♥t✐❛t✐♦♥ ❋♦r✲
♠✉❧❛ ♠❡t❤♦❞s✮✱ ❛❧s♦ ❡♠♣❧♦②s ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ♣♦✐♥ts tn+1✱ tn✱ tn−1✱
. . .✱ tn−s+1 ❜✉t ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ y(t)✱ ♥♦t f(t, y)✳ ❖♥❝❡ ✐t ✐s ❛♣♣r♦①✐♠❛t❡❞✱ ✇❡ ❝♦♠♣✉t❡
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✼
t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ♣❧✉❣ ✐t ❞✐r❡❝t❧② t♦ t❤❡ ❖❉❊ ♦❢ ✭✶✮ ✇❤❡r❡ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✇❡ t❛❦❡
f(t, y) = f(tn+1, yn+1)✳ ❆❢t❡r t❤❛t ✐t r❡♠❛✐♥s t♦ s♦❧✈❡ t❤✐s ❢♦r yn+1✳
❍♦✇❡✈❡r✱ ✇❤❡♥ ♦♥❡ ✐♥t❡♥❞s t♦ ✉s❡ ❛ ❧✐♥❡❛r ♠✉❧t✐st❡♣ ♠❡t❤♦❞✱ ✉s✉❛❧❧② ❛ ❘✉♥❣❡✲❑✉tt❛
♠❡t❤♦❞ ✐s st✐❧❧ ♥❡❡❞❡❞ t♦ ❣❡t ✐♥✐t✐❛❧ st❡♣s ✐♥ ♦r❞❡r t♦ st❛rt t❤❡ ♠✉❧t✐st❡♣ ♠❡t❤♦❞✳
✷✳✸ ❙t❛❜✐❧✐t②✱ ❝♦♥s✐st❡♥❝②✱ ❝♦♥✈❡r❣❡♥❝❡
❚♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ st❛❜✐❧✐t②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♦♣❡r❛t♦r Nπ s✉❝❤
t❤❛t ♠❡s❤ ❢✉♥❝t✐♦♥ yπ(t) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✐✳❡✳ yπ(tn) = yn✮ s❛t✐s✜❡s
❡q✉❛t✐♦♥ Nπyπ(tn) = 0 ❢♦r ❛❧❧ n = 0, . . . , N ✳
❚❤❡♥ ✇❡ ❝❛♥ ❞❡✜♥❡ st❛❜✐❧✐t② ✭✵✲st❛❜✐❧✐t②✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✭s❡❡ ❬✶❪✮✿ ✐❢ t❤❡r❡ ❡①✐st
♣♦s✐t✐✈❡ ❝♦♥st❛♥ts k0, K s✉❝❤ t❤❛t ❢♦r ❛♥② ♠❡s❤ ❢✉♥❝t✐♦♥s xπ ❛♥❞ zπ ❢♦r k ≤ k0 ♦♥❡ ❤❛s✿
|xn − zn| ≤ K{|x0 − z0|+ max
1≤j≤N
|Nπxπ(tj)− Nπzπ(tj)|},
❢♦r ❛❧❧ 1 ≤ n ≤ N ✱ t❤❡♥ t❤❡ ♠❡t❤♦❞ ✇✐t❤ ♦♣❡r❛t♦r Nπ ✐s ❝❛❧❧❡❞ ✵✲st❛❜❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱
st❛❜✐❧✐t② ❡♥s✉r❡s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ Nπ ❞♦❡s ♥♦t ❜❧♦✇ ✉♣✳
❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♦♣❡r❛t♦r t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥
❝♦♠♣✉t❡❞ ❛t ♦♥❡ ♦❢ t❤❡ ♣♦✐♥ts tn ❣✐✈❡s ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r✿
Nπy(tn) = dn.
■❢ ✇❡ ❛ss✉♠❡✿
max
n
|dn| = O(kp),
❘❘ ♥➦ ✼✵✻✼
✽ ❉✳ P♦♥♦♠❛r❡✈
❢♦r ❛❧❧ ♣r♦❜❧❡♠s ✇✐t❤ s✉✣❝✐❡♥t❧② s♠♦♦t❤ s♦❧✉t✐♦♥s✱ t❤❡♥ t❤❡ ♠❡t❤♦❞ ✐s s❛✐❞ t♦ ❤❛✈❡ t❤❡
♦r❞❡r ♦❢ ❛❝❝✉r❛❝② p✳
■♥ ❝❛s❡ p ≥ 1✱ ❛ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ❝♦♥s✐st❡♥t✳
❆ss✉♠❡ ❛ ♠❡t❤♦❞ t♦ ❜❡ ❝♦♥s✐st❡♥t ♦❢ ♦r❞❡r p ❛♥❞ st❛❜❧❡✱ t❤❡♥✿
|yn − y(tn)| ≤ Kmax
n
|dn| = O(kp)✱
s♦ t❤❡ ♠❡t❤♦❞ ✐s ❝♦♥✈❡r❣❡♥t ♦❢ ♦r❞❡r p✳ ❚❤❛t ✐s t♦ s❛② t❤❛t ❝♦♥s✐st❡♥❝② ❛♥❞ st❛❜✐❧✐t②
✐♠♣❧② ❝♦♥✈❡r❣❡♥❝❡✳
❖♥❡ ♦❢ t❤❡ ♣r❛❝t✐❝❛❧ ✇❛② t♦ st✉❞② st❛❜✐❧✐t② ♦❢ ❛♥ ❖❉❊♠❡t❤♦❞ ✐s t♦ ❝♦♥s✐❞❡r ✐ts ❛♣♣❧✐❝❛t✐♦♥
t♦ t❤❡ t❡st ❡q✉❛t✐♦♥✿
y′ = λy. ✭✸✮
❖❜✈✐♦✉s❧②✱ t♦ ❛✈♦✐❞ s♦❧✉t✐♦♥ ❢♦r t❤✐s ❡q✉❛t✐♦♥ t♦ ❜❡ ✉♥❜♦✉♥❞❡❞✱ ♦♥❡ ❤❛s t♦ ❤❛✈❡ ♥♦♥✲
♣♦s✐t✐✈❡ r❡❛❧ ♣❛rt ♦❢ λ✿
ℜeλ ≤ 0.
■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❢♦r ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ ✭✸✮ ✇❡ ❞❡✜♥❡ ❛ r❡❣✐♦♥ ♦❢ t❤❡ z✲❝♦♠♣❧❡①
♣❧❛♥❡ ✭❞❡♥♦t✐♥❣ z = kλ✮ ✇❤❡r❡✿
|yn+1| ≤ |yn|,
❢♦r ❛❧❧ n = 0, 1, 2, . . .✱ t❤✐s r❡❣✐♦♥ ✇❡ ❝❛❧❧ t❤❡ r❡❣✐♦♥ ♦❢ ❛❜s♦❧✉t❡ st❛❜✐❧✐t②✳
■❢ t❤❡ r❡❣✐♦♥ ♦❢ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② ♦❢ ❛ ♠❡t❤♦❞ ❝♦♥t❛✐♥s t❤❡ ❡♥t✐r❡ ❧❡❢t ❤❛❧❢✲♣❧❛✐♥ ♦❢ z✱ ✇❡
❝❛❧❧ s✉❝❤ ♠❡t❤♦❞ ❆✲st❛❜❧❡✳
❲❡ ❞❡✜♥❡ t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ R(z) ✐♥ ❛ ✇❛② t❤❛t✿
yn+1 = R(z)yn, ✭✹✮
yn = R(z)
ny0. ✭✺✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✾
❚❤❡♥ t❤❡ r❡❣✐♦♥ ♦❢ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② ❝♦rr❡s♣♦♥❞s t♦✿
|R(z)| ≤ 1. ✭✻✮
❋♦r s♦♠❡ ♠❡t❤♦❞s ✭❢♦r ❡①❛♠♣❧❡✱ tr❛♣❡③♦✐❞❛❧ ♦r ♠✐❞♣♦✐♥t✮✱ ✐♥ s♣✐t❡ ♦❢ |R(z)| < 1 ❢♦r
✜♥✐t❡ z✱ ✇❡ ♠✐❣❤t ❤❛✈❡ lim
z→−∞
|R(z)| = 1 t❤❛t ✐s ♥♦t ✈❡r② ❣♦♦❞ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ♠❡t❤♦❞
✉♥❧❡ss t❤❡ t✐♠❡ st❡♣ k ✐s ✈❡r② s♠❛❧❧✿ ❜❡❝❛✉s❡ s♦❧✉t✐♦♥s ❢♦r s♠❛❧❧❡r λ ✭✐✳❡✳ ❣r❡❛t❡r |λ| ✇❤✐❝❤
❛r❡ r❡❢❡rr❡❞ ❛s ❤✐❣❤❡r ♠♦❞❡s✮ ❛r❡ ❞❛♠♣❡❞ ❧❡ss t❤❛♥ ❜✐❣❣❡r ♦♥❡s ✭✇❤✐❝❤ ❛r❡ ❧♦✇❡r ♠♦❞❡s✮
t❤❛t ❝♦♥tr❛❞✐❝ts t♦ ❜❡❤❛✈✐♦r t❤❛t ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ❡①❤✐❜✐ts ✇✐t❤ r❡s♣❡❝t t♦ ❝❤❛♥❣❡ ♦❢
♣❛r❛♠❡t❡r λ✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥♦t❤❡r t②♣❡ ♦❢ st❛❜✐❧✐t②✿ ❛ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞
▲✲st❛❜❧❡ ♦r ❤❛✈✐♥❣ st✐✛ ❞❡❝❛② ✐❢ ✐ts st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿
lim
|z|→∞
|R(z)| = 0. ✭✼✮
●❡♥❡r❛❧❧②✱ ✇❡ ❞❡✜♥❡ st✐✛♥❡ss ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✭❛❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ ♣r♦♣❡r ✉♥✐q✉❡
❞❡✜♥✐t✐♦♥✱ ❤❡r❡ ✇❡ r❡❢❡r t♦ ❬✶❪✮ ✲ ✇❡ ❝❛❧❧ ❛♥ ❖❉❊ ♣r♦❜❧❡♠ st✐✛ ✐❢ t❤❡ ❛❜s♦❧✉t❡ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ❢♦r ❛♥ ❡①♣❧✐❝✐t ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✐♠♣♦s❡ ❤✐❣❤❡r r❡str✐❝t✐♦♥ ♦♥ st❡♣ s✐③❡ t❤❛♥ ✐t
✐s ♥❡❡❞❡❞ ❢♦r ❛❝❤✐❡✈✐♥❣ ❞❡s✐r❡❞ ❛❝❝✉r❛❝②✳
■❢ ✇❡ ❤❛✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❖❉❊s ♦r ❧✐♥❡❛r ♠✉❧t✐st❡♣ ♠❡t❤♦❞✱ t❤❡♥ R(z) ✇✐❧❧ ❜❡ ❛
♠❛tr✐① ❛♥❞ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✻✮✱ ✭✼✮ ✐♥st❡❛❞ ♦❢ ♠♦❞✉❧✉s ✇❡ s❤♦✉❧❞ ✇r✐t❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢
t❤✐s ♠❛tr✐①✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞❡♠♦♥str❛t❡❞ ❢✉rt❤❡r ♦♥ ❡①❛♠♣❧❡s ✭s❡❡ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳
❚❛❧❦✐♥❣ ❛❜♦✉t ❛❜s♦❧✉t❡ st❛❜✐❧✐t②✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ✇r✐t❡ ❞♦✇♥ ❡①♣❧✐❝✐t❧② st❛❜✐❧✐t② ❢✉♥❝t✐♦♥
❢♦r ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ✭❞✉❡ t♦ t❤❡✐r ❤✐❣❤✲✐♠♣♦rt❛♥❝❡✮✳ ❆ ❣❡♥❡r❛❧ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞
❢♦r t❤❡ t❡st ❡q✉❛t✐♦♥ ✭✸✮ r❡❛❞s✿
❘❘ ♥➦ ✼✵✻✼
✶✵ ❉✳ P♦♥♦♠❛r❡✈


Yi = yn + z
s∑
j=1
aijYj ,
yn+1 = yn + z
s∑
j=1
bjYj .
❘❡✇r✐t✐♥❣ t❤✐s ✐s ✐♥ ♠❛tr✐① ❢♦r♠ ✇❡ ❤❛✈❡✿


Y = yn + zAY ⇒ Y = (I − zA)−1yn,
yn+1 = yn + zb
TY = (1 + zbT (I − zA)−11)yn.
❚❤❡r❡❢♦r❡✱ t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❢♦r ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s ✐s ❣✐✈❡♥ ❜②✿
R(z) = 1 + zbT (I − zA)−11,
✇❤❡r❡ 1 = (1, . . . , 1)T ✐s t❤❡ ✈❡❝t♦r ❤❛✈✐♥❣ ❞✐♠❡♥s✐♦♥ s✳
❆♥♦t❤❡r ❡ss❡♥t✐❛❧ t♦♦❧ t♦ st✉❞② st❛❜✐❧✐t② ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s t♦ ✉s❡ ❋♦✉r✐❡r ❛♥❛❧✲
②s✐s✳
●✐✈❡♥ ❛♥ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✿
yn+1j =
r∑
m=−l
bmy
n
j+m, ✭✽✮
✇❤❡r❡ ynj ≈ y(tn, xj) ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ s♦❧✉t✐♦♥ ♦♥ ❛♥ ✉♥✐❢♦r♠ ❣r✐❞ ✇✐t❤ t✐♠❡ st❡♣
k ❛♥❞ st❡♣ ✐♥ s♣❛❝❡ h✳
❲❡ ❛♣♣❧② t❤✐s s❝❤❡♠❡ t♦ t❤❡ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t P❉❊ ♣r♦❜❧❡♠ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳
❉✉❡ t♦ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ t❤❡ ❋♦✉r✐❡r s❡r✐❡s✿
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✶✶
y(x, t) =
∞∑
j=−∞
αj(t)e
2πijx
L ,
✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥ts ❞❡t❡r♠✐♥❡❞ ❜②✿
αj(t) =
1
L
∫ L
0
y(ξ, t)e−
2πijξ
L dξ.
❘❡❝❛❧❧✐♥❣ P❛rs❡✈❛❧✬s ❡q✉❛❧✐t②✿
‖y(x, t)‖L2 =
∞∑
j=−∞
|αj(t)|2 ,
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❝❛♥ st✉❞② st❛❜✐❧✐t② ❜② ❛♥❛❧②③✐♥❣ ❜❡❤❛✈✐♦r ✐♥ t✐♠❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts
αj(t)✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✽✮ ✇❡ ❝♦♠♣✉t❡✿
αj(tn+1) = αj(tn + k) =
1
L
∫ L
0
y(ξ, tn + k)︸ ︷︷ ︸
=
r∑
m=−l
bmy(ξ +mh, tn)
exp
(
−2πijξ
L
)
dξ.
❇② ♠❡❛♥s ♦❢ s✉❜st✐t✉t✐♦♥ ξ˜ = ξ +mh✱ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ tr❛♥s❢♦r♠s ✐♥t♦✿
αj(tn+1) =
r∑
m=−l
bm exp
(
2πimh
L
)
L
∫ L+mh
mh
y(ξ˜, tn) exp
(
−2πijξ˜
L
)
dξ˜.
◆♦✇ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ✐♥t❡❣r❛❧✿
∫ L+mh
mh
. . . =
∫ L
0
. . .+

∫ L+mh
L
. . .−
∫ mh
0
. . .︸ ︷︷ ︸


=0
,
❘❘ ♥➦ ✼✵✻✼
✶✷ ❉✳ P♦♥♦♠❛r❡✈
✉s✐♥❣ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✉♥❞❡r ✐♥t❡❣r❛❧ s✐❣♥ t❤❛t r❡s✉❧ts ✐♥ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ t❡r♠ ✐♥
t❤❡ sq✉❛r❡ ❜r❛❝❦❡ts✳
❋✐♥❛❧❧②✱ ✇❡ ❛rr✐✈❡ ❛t✿
αj(tn+1) =
r∑
m=−l
bm exp
(
2πimh
L
)
1
L
∫ L
0
y(ξ˜, tn) exp
(
−2πijξ˜
L
)
dξ˜
︸ ︷︷ ︸
=αj(tn)
.
❍❡♥❝❡ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts αj(tn+1) ❛♥❞ αj(tn)✿
αj(tn+1) = g(ζ)αj(tn),
✇❤❡r❡✿
g(ζ) =
r∑
m=−l
bme
imζ ✱ ζ =
2πh
L
✳
❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r ✭♦r ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐① ✐♥ ❝❛s❡
♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ P❉❊s ♦r ❛ ❧✐♥❡❛r ♠✉❧t✐st❡♣ ✐♥ t✐♠❡ ♠❡t❤♦❞✮ g(ζ) ❤❛s t❤❡ s❛♠❡ ♠❡❛♥✐♥❣
❛s t❤❡ st❛❜✐❧✐t② ❢✉♥❝t✐♦♥ R(z) ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✳
■♥ ❛ s✐♠✐❧❛r ✇❛② t♦ ✭✻✮✱ ❢♦r ❛❜s♦❧✉t❡ st❛❜✐❧✐t② ✇❡ r❡q✉✐r❡✿
|g(ζ)| ≤ 1. ✭✾✮
■♥ ❝❛s❡ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ P❉❊s ♦r ❛ ❧✐♥❡❛r ♠✉❧t✐st❡♣ t✐♠❡ ♠❡t❤♦❞✱ ✇❡ ✐♠♣♦s❡ t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥✱ ❦♥♦✇♥ ❛s ✈♦♥ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥✱ ♦♥ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐①✿
ρ(g(ζ)) ≤ 1. ✭✶✵✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✶✸
❍♦✇❡✈❡r✱ ♦♥❡ s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ ρ(g(ζ)) = 1✱ ♥❛♠❡❧②✱ ✐❢ g(ζ) ❤❛s
♠✉❧t✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡s t❤❛t ♠✐❣❤t ❝❛✉s❡ ✐♥st❛❜✐❧✐t②✳
✷✳✹ ❙t❛❜✐❧✐t② ♦♥ ❡①❛♠♣❧❡s
✷✳✹✳✶ ❍❡❛t ❡q✉❛t✐♦♥
❲❡ ❝♦♥s✐❞❡r t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t ❤❡❛t ❡q✉❛t✐♦♥✿


yt = ayxx, t > 0, 0 < x < L,
y(0, t) = y(L, t) = 0, t ≥ 0,
y(x, 0) = y0(x), 0 ≤ x ≤ L,
✭✶✶✮
❛♥❞ ❞♦ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥ ❝❤♦♦s✐♥❣ ✉♥✐❢♦r♠ ♠❡s❤ ✐♥ s♣❛❝❡✿ x0 = 0✱ x1 = h✱ x2 = 2h✱ . . .✱
xN+1 = L ✇❤❡r❡ h =
L
N + 1
✳
❚❤✉s✱ ✇✐t❤ s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛❝② ✐♥ s♣❛❝❡ ✇❡ ❤❛✈❡✿


(yt)j = a
yj−1 − 2yj + yj+1
h2
, j = 1, . . . , N,
y0 = yN+1 = 0,
✇❤❡r❡ yj ≡ yj(t) ≈ y(xj , t) ✭❢♦r j = 0, . . . , N + 1✮✱ t❤❛t ✐s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥
xi ❛t ❣✐✈❡♥ t✐♠❡ t✳
❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ s❛♠❡ ✐♥ t❤❡ ✈❡❝t♦r ❢♦r♠✿


yt = Ay,
y0 = yN+1 = 0,
❘❘ ♥➦ ✼✵✻✼
✶✹ ❉✳ P♦♥♦♠❛r❡✈
✇❤❡r❡✿
A =
a
h2


−2 1 0 . . . 0
1 −2 1 . . . 0
0 . . . . . . . . . 0
0 . . . 1 −2 1
0 . . . 0 1 −2


,
✐s ❛ s②♠♠❡tr✐❝ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ✭❛s ✐t ✇✐❧❧ ❜❡ ❝❧❡❛r ❧❛t❡r ❢r♦♠ ✐ts s♣❡❝tr✉♠✮ ♠❛tr✐① ❛♥❞
y = (y1, y2, . . . , yN−1, yN )
T
✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ✉♥❦♥♦✇♥s✳
▼♦t✐✈❛t❡❞ ❜② t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ t♦ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✿


y′′ = λy, 0 < x < L,
y(0) = y(L) = 0,
✇❡ ❝❛♥ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣✉❡ss ❢♦r ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♠❛tr✐① A✿
v
(A)
l =


sin
(
πlh
L
)
sin
(
2πlh
L
)
. . .
sin
(
(N − 1)πlh
L
)
sin
(
Nπlh
L
)


✱ l = 1, . . . , N ✳
■♥❞❡❡❞✱ ❜② ✉t✐❧✐③✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ tr✐❣♦♥♦♠❡tr✐❝ ❢♦r♠✉❧❛s✱ ✇❡ ❝❤❡❝❦✿
−2 sin
(
πlh
L
)
+ sin
(
2πlh
L
)
= −2 sin
(
πlh
L
)
+ 2 sin
(
πlh
L
)
cos
(
πlh
L
)
=
= −2 sin
(
πlh
L
)(
1− cos
(
πlh
L
))
= −4 sin
(
πlh
L
)
sin2
(
πlh
2L
)
✱
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✶✺
sin
(
(j − 1)πlh
L
)
− 2 sin
(
j
πlh
L
)
+ sin
(
(j + 1)
πlh
L
)
=
= 2 sin
(
j
πlh
L
)
cos
(
πlh
L
)
− 2 sin
(
j
πlh
L
)
= −4 sin
(
jπlh
L
)
sin2
(
πlh
2L
)
✱
sin
(
(N − 1)πlh
L
)
− 2 sin
(
Nπlh
L
)
= sin
(
(N − 1)πlh
L
)
− 2 sin
(
Nπlh
L
)
+
+sin
(
(N + 1)πlh
L
)
︸ ︷︷ ︸
=0
= −4 sin
(
Nπlh
L
)
sin2
(
πlh
2L
)
✳
❚❤✉s ✇❡ ✜♥❞ ♦✉t t❤❛t v
(A)
l s❛t✐s✜❡s✿
Av
(A)
l = λ
(A)
l v
(A)
l ,
✇✐t❤✿
λ
(A)
l = −
4a
h2
sin2
(
πlh
2L
)
✱ l = 1, . . . , N ✳
◆♦✇✱ ✇❡ st✉❞② st❛❜✐❧✐t② ❢♦r ❜♦t❤ t❤❡ ❢♦r✇❛r❞ ✭❡①♣❧✐❝✐t✮ ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞ ✭✐♠♣❧✐❝✐t✮ ❊✉❧❡r
s❝❤❡♠❡s ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ t✐♠❡✳
❋♦r t❤❡ ❋♦r✇❛r❞ ❊✉❧❡r s❝❤❡♠❡ ✇❡ ❤❛✈❡
un+1 − un
k
= Aun ⇒ un+1 = BFEun,
✇❤❡r❡ BFE = kA+ I ❛♥❞ I ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳
◆♦t❡ t❤❛t
(
BFE
)T
BFE = BFE
(
BFE
)T
✭❞✉❡ t♦ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♠❛tr✐① A✮ ❛♥❞
❤❡♥❝❡ BFE ✐s ❛ ♥♦r♠❛❧ ♠❛tr✐①✳ ❇✉t ♦♣❡r❛t♦r ♥♦r♠ ♦❢ ❛ ♥♦r♠❛❧ ♠❛tr✐① B ✭✇✐t❤ r❡s♣❡❝t t♦
L2 ✈❡❝t♦r ♥♦r♠✮ ✐s ❜♦✉♥❞❡❞ ❜② ✐ts s♣❡❝tr❛❧ r❛❞✐✉s✳ ■♥❞❡❡❞✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❛ ♥♦r♠❛❧
♠❛tr✐① ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❞✐❛❣♦♥❛❧ D ❜② ❛♥ ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ P ✭t❤❛t ✐s t♦ s❛②✱
❘❘ ♥➦ ✼✵✻✼
✶✻ ❉✳ P♦♥♦♠❛r❡✈
B = PTDP ✮✱ ✇❡ ❤❛✈❡✿
||B|| = sup
||x||=1
||Bx|| = sup
||x||=1
|(Bx,Bx)|1/2 = sup
||x||=1
|(PTDPx,PTDPx)|1/2 =
= sup
||x||=1
|(DTx, PPT︸ ︷︷ ︸
=I
DPx)|1/2 = sup
||x||=1
|(x, PT DTD︸ ︷︷ ︸
=diag(λ2)
Px)|1/2 =
= |λ|max · |(x, PT IP︸ ︷︷ ︸
=I
x)|1/2 = |λ|max = ρ(B),
✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s ❛tt❛✐♥❡❞ ❛t t❤❡ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡
✇✐t❤ t❤❡ ♠❛①✐♠❛❧ ♠♦❞✉❧✉s✳
❚❤✉s✱ t♦ ❝❤❡❝❦ st❛❜✐❧✐t② ✐t r❡sts t♦ ✜♥❞ s♣❡❝tr✉♠ ♦❢ t❤❡ ♠❛tr✐① B✳
❚✉r♥✐♥❣ ❜❛❝❦ t♦ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐① BFE ✱ ♦❜✈✐♦✉s❧②✱ ❛r❡✿
λ
(BFE)
l = 1 + kλ
(A)
l = 1−
4ak
h2
sin2
(
πlh
2L
)
✱ l = 1, . . . ., N,
❛♥❞ ✐ts s♣❡❝tr❛❧ r❛❞✐✉s ✐s✿
ρ(BFE) = max
l
|λ(BFE)l | =
∣∣∣∣1− 4akh2 sin2
(
πN
2(N + 1)
)∣∣∣∣ ≈
∣∣∣∣1− 4akh2
∣∣∣∣ .
❯s✐♥❣ ❛♥❛❧♦❣② ✇✐t❤ ✭✻✮ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ s❝❤❡♠❡ ✐s ❛❜s♦❧✉t❡ st❛❜❧❡ ✐❢✿
ρ(BFE) ≤ 1.
❚❤✐s ❝♦♥❞✐t✐♦♥ ❣✐✈❡s |1 + kλ(A)l | ≤ 1 ⇒ 1−
4ak
h2
≥ −1 ⇒ ak
h2
≤ 1
2
✳ ❚❤❡r❡❢♦r❡✿
k ≤ h
2
2a
. ✭✶✷✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✶✼
❙✐♥❝❡ t❤❡ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✐s ❥✉st t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ✉♥✐t ❞✐s❦✱ t❤❡ ♠❡t❤♦❞ ✐s ♥♦t
❆✲st❛❜❧❡✱ ❛❧t❤♦✉❣❤ ❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡✳
◆♦✇ ✇❡ ❛r❡ ♠♦✈✐♥❣ t♦ t❤❡ ❇❛❝❦✇❛r❞ ❊✉❧❡r s❝❤❡♠❡✿
un+1 − un
k
= Aun+1 ⇒ un+1 = BBEun,
✇❤❡r❡ BBE = (I − kA)−1✳
■♥ ♦r❞❡r t♦ ❤❛✈❡ ❜♦✉♥❞❡❞♥❡ss ❜② s♣❡❝tr❛❧ r❛❞✐✉s✱ ❛❣❛✐♥ ✇❡ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♠❛tr✐①
BBE ✐s ♥♦r♠❛❧✱ t❤❛t ✐s t♦ ❝❤❡❝❦ t❤❛t✿
(I − kA)−1(I − kAT )−1 = (I − kAT )−1(I − kA)−1.
❋✐rst ♥♦t✐❝❡ t❤❛t✿
(I − kA)(I − kAT ) = I − kA− kAT + k2AAT︸ ︷︷ ︸
=ATA
= (I − kAT )(I − kA).
❚❤❡♥ t❛❦✐♥❣ ✐♥✈❡rs❡ ♦❢ ❜♦t❤ s✐❞❡s ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳
❍❡♥❝❡ ✐t r❡♠❛✐♥s t♦ ✜♥❞ s♣❡❝tr✉♠ ❛♥❞ ❡st✐♠❛t❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ t❤❡ ♠❛tr✐① BBE ✿
λ
(BBE)
l =
1
1− kλ(A)l
=
1
1 +
4ak
h2
sin2
(
πlh
2L
) ✱ l = 1, . . . ., N ✱
ρ(BBE) =
1
1 +
4ak
h2
sin2
(
πN
2(N + 1)
) ≈ 1
1 +
4ak
h2
< 1.
❲❡ ❝❛♥ ♥♦t❡ t❤❛t s✐♥❝❡ t❤❡ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✐♥❝❧✉❞❡s t❤❡ ✇❤♦❧❡ ♥❡❣❛t✐✈❡ (kλ(A))
❤❛❧❢✲♣❧❛♥❡✱ t❤✐s ♠❡t❤♦❞ ✐s ❆✲st❛❜❧❡✳
❘❘ ♥➦ ✼✵✻✼
✶✽ ❉✳ P♦♥♦♠❛r❡✈
●❡♥❡r❛❧✐③❛t✐♦♥ ✭✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✇❡ ❞✐❞ ✇✐t❤ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② ❛ ❢❡✇ ❧✐♥❡s ❜❡❢♦r❡✮ ♦❢
✭✼✮ ②✐❡❧❞s ✐♠♣♦s✐♥❣ ❝♦♥❞✐t✐♦♥✿
lim
kλ(A)→−∞
ρ(BBE) = 0,
✐❢ ♦♥❡ ✇❛♥ts t♦ ❤❛✈❡ ▲✲st❛❜✐❧✐t②✳ ❊✈✐❞❡♥t❧②✱ ❤❡r❡✱ ❤✐❣❤❡r ❤❛r♠♦♥✐❝s ❛r❡ ✇❡❧❧ ❞❛♠♣❡❞✳ ❚❤✉s✱
❢♦r t❤❡ ❇❛❝❦✇❛r❞ ❊✉❧❡r s❝❤❡♠❡ ✇❡ ❤❛✈❡ ❜♦t❤ ❆✲ ❛♥❞ ▲✲st❛❜✐❧✐t②✳
◆♦t❡ t❤❛t ❤❡r❡ ❞✐s❝✉ss✐♥❣ st❛❜✐❧✐t② ✇❡ ✇❡r❡ ❛❧❧ t❤❡ t✐♠❡ t❛❧❦✐♥❣ ❛❜♦✉t t❤❡ ❛❜s♦❧✉t❡ st❛✲
❜✐❧✐t② ✇❤❡r❡❛s t❤❡r❡ ✐s ❛ ✇❡❛❦❡r ❞❡✜♥✐t✐♦♥ ♦❢ st❛❜✐❧✐t② t❤❛t ❥✉st r❡q✉✐r❡s s♦❧✉t✐♦♥ t♦ ❤❛✈❡
❧❡ss t❤❛♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✭t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ♣r♦❜❧❡♠✮✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐♥ ♦✉r ❝❛s❡ ❞♦❡s ♥♦t ❣r♦✇ ✐♥ t✐♠❡ ✭❞✉❡
t♦ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t ✐s ✈❛❧✐❞ ❢♦r t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✮✱ ❣❡♥❡r❛❧ st❛❜✐❧✐t② ❝r✐t❡r✐♦♥ ✐♥
t❤❡ ✜rst ♦r❞❡r ♦❢ t✐♠❡✲st❡♣ k ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛❜s♦❧✉t❡ st❛❜✐❧✐t② ❝r✐t❡r✐♦♥ ✇❡ ✉s❡❞✳
✷✳✹✳✷ ❲❛✈❡ ❡q✉❛t✐♦♥
❙✐♥❝❡ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ ❛✐♠ ♦❢ ♦✉r st✉❞②✱ ✇❡ ❞❡✈❡❧♦♣ t❤✐s s✉❜s❡❝t✐♦♥ ✐♥ ♠♦r❡
❞❡t❛✐❧s✳
❈♦♥s✐❞❡r ✶❉ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥st❛♥t ✈❡❧♦❝✐t② c✿


ytt = c
2yxx, 0 < x < L, t > 0,
y(x, 0) = φ(x), 0 ≤ x ≤ L,
yt(x, 0) = ψ(x), 0 ≤ x ≤ L,
y(0, t) = y(L, t) = a(t), t ≥ 0.
✭✶✸✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✶✾
❙♦♠❡t✐♠❡s ✐t ❝❛♥ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✜♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐❢ t❤❡
✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ✭✷✻✮ ✭✇❤✐❝❤ ✐s ❛ s❡❝♦♥❞✲♦r❞❡r P❉❊✮ ✐s ✇r✐tt❡♥ ❛s ❛ s②♠♠❡tr✐❝ s②st❡♠ ♦❢
t✇♦ ✜rst✲♦r❞❡r P❉❊s✳
■♥❞❡❡❞✱ ❛ s✐♠♣❧❡ s✉❜st✐t✉t✐♦♥✿


u = cyx,
v = yt,
✭✶✹✮
②✐❡❧❞s ❛♥ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ s②st❡♠✿


ut = cvx,
vt = cux.
✭✶✺✮
❇② ♠❡❛♥s ♦❢ str❛✐❣❤t❢♦r✇❛r❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ✭✶✸✮ ✉s✐♥❣
✭✶✹✮ ✇❡ ♦❜t❛✐♥ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t ❡q✉❛t✐♦♥s ✭✶✺✮✿


u(x, 0) = cφ′(x),
v(x, 0) = ψ(x),
v(0, t) = v(L, t) = a′(t),
ux(0, t) = ux(L, t) =
1
c
a′′(t).
✭✶✻✮
❍❡r❡ ✇❡ ❛❧s♦ ✉t✐❧✐③❡❞ ❡q✉❛t✐♦♥s ✭✶✺✮ t♦ ❣❡t t❤❡ ❧❛st ❝♦✉♣❧❡ ♦❢ ❝♦♥❞✐t✐♦♥s ✭♥❛♠❡❧②✱ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ux✮✱ ❤♦✇❡✈❡r✱ t❤❡ ♥❡✇ ♣r♦❜❧❡♠ ✇❡ ♦❜t❛✐♥❡❞ ✐s ♦✈❡r❞❡t❡r♠✐♥❡❞ ❛♥❞
✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ t❤❛t ♦♥❡ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐s
r❡❞✉♥❞❛♥t✳
❋♦r❣❡tt✐♥❣ ❛❜♦✉t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ✇❤✐❧❡✱ t❤❡ s②st❡♠ ✭✶✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡
♠❛tr✐① ❢♦r♠✿
❘❘ ♥➦ ✼✵✻✼
✷✵ ❉✳ P♦♥♦♠❛r❡✈
Ut =

 0 c
c 0

Ux, ✭✶✼✮
✇❤❡r❡ U = (u, v)T ✳
P❡r❢♦r♠✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡ ✭✐♥ ❛ s❛♠❡ ✇❛② ❢♦r u ❛♥❞ v✮✿


ut = Av,
vt = Au,
✇❡ ❤❛✈❡ ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠✿
U˜t =

 0 cA
cA 0


︸ ︷︷ ︸
≡CU
U˜, ✭✶✽✮
✇❤❡r❡✿ U˜ = (u1, . . . , uN , v1, . . . , vN )
T ✐s ❡①t❡♥❞❡❞ ✈❡❝t♦r✱ A ✐s (N × N) ❞✐♠❡♥s✐♦♥❛❧ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♠❛tr✐①✳
❚❤❡ ❜❧♦❝❦ ♠❛tr✐① CU ❤❛✈✐♥❣ ❞✐♠❡♥s✐♦♥ (2N × 2N) ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ❛s ❢♦❧❧♦✇s✿
CU =

 1/
√
2 −1/√2
1/
√
2 1/
√
2


︸ ︷︷ ︸
≡P

 cA 0
0 −cA



 1/
√
2 1/
√
2
−1/√2 1/√2


︸ ︷︷ ︸
=PT
,
✇❤❡r❡ P ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① ♦❢ s✐♠✐❧❛r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ✭s♦ PT = P−1✮✳
P❡r❢♦r♠✐♥❣ s✉❜st✐t✉t✐♦♥ ♦❢ CU ✐♥ ✭✶✽✮ ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❜② P
T ✱
✇❡ ♦❜t❛✐♥✿
V˜t =

 cA 0
0 −cA


︸ ︷︷ ︸
≡CV
V˜, ✭✶✾✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✷✶
✇❤❡r❡✿
V˜ = PT U˜. ✭✷✵✮
❆❢t❡r ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ t✐♠❡ ✇❡ ❛rr✐✈❡ ❛t✿
V˜n+1 = BV V˜
n. ✭✷✶✮
■♥ ❣❡♥❡r❛❧✱ st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✶✽✮ ♠❛② ♥♦t ❢♦❧❧♦✇ ❢r♦♠ st❛❜✐❧✐t② ♦❢ t❤❡
❜❧♦❝❦ ❞✐❛❣♦♥❛❧✐③❡❞ ♣r♦❜❧❡♠ ✭✶✾✮ ♦r t❤❡ ❢✉❧❧② ❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ✭✷✶✮✳ ❍♦✇❡✈❡r✱ ✐❢ ♠❛tr✐①
CU ✐s ♥♦r♠❛❧ ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ❢♦r♠ ❜② ❛♥ ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ P ✱
❛♥❞ ❤❡r❡ ✐t ✐s ❡①❛❝t❧② t❤❡ ❝❛s❡✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡✿
||U˜(t)|| ≤ ||P || · ||PT ||︸ ︷︷ ︸
=1
||U˜(0)||,
♣r♦✈✐❞❡❞ t❤❛t ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐① CV ❤❛✈❡ ♥♦♥✲♣♦s✐t✐✈❡ r❡❛❧ ♣❛rt✱ t❤❛t ✐s✱ max(ℜeλ) ≤
0✳ ❚❤❛t ♠❡❛♥s t❤❛t st❛❜✐❧✐t② ♦❢ ✭✶✾✮ ✐♠♣❧✐❡s st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✶✽✮✳
▼♦r❡♦✈❡r✱ ✐♥ ♦✉r s✐t✉❛t✐♦♥✱ s✐♥❝❡ ✇❡ ❛r❡ ❧✉❝❦② t♦ ❤❛✈❡ t❤❡ ♠❛tr✐① CU ✐♥ ✈❡r② s♣❡❝✐❛❧
❢♦r♠✱ t❤❡ s✐♠✐❧❛r✐t② tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① P ✐s ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ h ❛♥❞ t❤❡r❡❜② ✭❞✉❡ t♦
✭✷✵✮✮ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r U˜ ❛♥❞ V˜ ❡✈❡♥ ❢♦r t❤❡ ❢✉❧❧② ❞✐s❝r❡t✐③❡❞ ♣r♦❜❧❡♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳
❍❡r❡✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡✱ t❛❧❦✐♥❣ ❛❜♦✉t st❛❜✐❧✐t②
✇❡ ❛❧❧ t❤❡ t✐♠❡ ✐♠♣❧② ❛❜s♦❧✉t❡ st❛❜✐❧✐t②✱ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡
✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐s ♥♦t ❣r♦✇✐♥❣ ✐♥ t✐♠❡✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♠❡ t♦ ♣❛rt✐❝✉❧❛r s❝❤❡♠❡s ❛♥❞ ✇❡ st❛rt ✇✐t❤ t❤❡ s❝❤❡♠❡ ♥❛♠❡❞ ❋♦r✇❛r❞ ❚✐♠❡
❈❡♥t❡r❡❞ ❙♣❛❝❡ ✭❋❚❈❙✮ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s ✭✶✼✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
Un+1j −Unj
k
=

 0 c
c 0

 Unj+1 −Unj−1
2h
.
❘❘ ♥➦ ✼✵✻✼
✷✷ ❉✳ P♦♥♦♠❛r❡✈
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t ✉s ✜rst ❢♦❝✉s ♦♥ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♣❡r❛t♦r A ✭❛♥❞
t❤❡r❡❢♦r❡ ✇❡ ♦♠✐t ✇r✐t✐♥❣ ✐♥❞✐❝❡s ❢♦r t✐♠❡ st❡♣s ❢♦r ❛ ✇❤✐❧❡✮ ❛♣♣❧✐❡❞ t♦ u ✭t❤❡ ♣r♦❝❡❞✉r❡ ✇✐t❤
v ❣♦❡s ❛❜s♦❧✉t❡❧② t❤❡ s❛♠❡ ✇❛②✮ ❛♥❞ ✜♥❞ ✐ts s♣❡❝tr✉♠✳
■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ✐t✱ ✇❡ ✐♠♣♦s❡ ♣❛rt✐❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s u0 = 1✱ uN+1 = 1 t❤❛t
❛r❡ ❝♦♠♣❧❡t❡❧② ❛rt✐✜❝✐❛❧ ❜✉t s❡r✈❡ ♦✉r ♣✉r♣♦s❡✶✳ ❚❤❡♥✿
uj+1 − uj−1
2h
= λuj , j = 2, . . . , 2N − 1,
u2 − 1
2h
= λu1,
1− u2N−1
2h
= λu2N .
❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠✿
1
2h


0 1 0 . . . 0 0 0
−1 0 1 . . . 0 0 0
0 . . . . . . . . . . . . 0 0
0 0 −1 0 1 0 0
0 0 . . . . . . . . . . . . 0
0 0 0 . . . −1 0 1
0 0 0 . . . 0 −1 0




u1
u2
. . .
uj
. . .
uN−1
uN


+
1
2h


−1
0
. . .
0
. . .
0
1


= λ


u1
u2
. . .
uj
. . .
uN−1
uN


.
▲✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤❡❛t ❡q✉❛t✐♦♥✱ ❤❡r❡ ❛❣❛✐♥✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡
❝♦♥t✐♥✉♦✉s ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✿
✶ ❚❤♦✉❣❤✱ ❣❡♥❡r❛❧❧② ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠❛② t✉r♥ ❛ st❛❜❧❡ s❝❤❡♠❡ ✐♥t♦ ✉♥st❛❜❧❡ ♦♥❡✱
❜✉t ❤❡r❡✱ ❛s ✐t ✇✐❧❧ ❜❡ ❝❧❡❛r ❛❢t❡r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤❡ s❝❤❡♠❡ ❤❛♣♣❡♥s t♦ ❜❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✉♥st❛❜❧❡✱ ❛♥❞
t♦ s❤♦✇ ✐♥st❛❜✐❧✐t② ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ✉♥st❛❜❧❡ ❥✉st ❢♦r s♦♠❡ s♣❡❝✐✜❝ ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✷✸


u′ = λu, 0 < x < L,
u(0) = u(L) = 1.
❲❡ s❡❛r❝❤ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐♥ t❤❡ ❢♦r♠✿
u
(A)
l =


exp
(
2πilh
L
)
exp
(
4πilh
L
)
. . .
exp
(
2πijlh
L
)
. . .
exp
(
2(N − 1)πilh
L
)
exp
(
2Nπilh
L
)


✱ l = 1, . . . ., N.
P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ t❤❡ ♠❛tr✐① ❢♦r♠ ❛❜♦✈❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❊✉❧❡r✬s ❢♦r♠✉❧❛s ❢♦r s✐♠♣❧✐❢②✐♥❣✿
exp
(
4πilh
L
)
− exp (i0)︸ ︷︷ ︸
=1
= 2i sin
(
2πlh
L
)
exp
(
2πilh
L
)
,
exp
(
2πi(j + 1)lh
L
)
− exp
(
2πi(j − 1)lh
L
)
= 2i sin
(
2πlh
L
)
exp
(
2πijlh
L
)
,
− exp
(
2(N − 1)πilh
L
)
+ exp
(
2(N + 1)πilh
L
)
︸ ︷︷ ︸
=cos(2πl)=1
= 2i sin
(
2πlh
L
)
exp
(
2Nπilh
L
)
✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t u
(A)
l ❛r❡ tr✉❧② t❤❡ ❡✐❣❡♥✈❡❝t♦rs t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
λ
(A)
l =
i
h
sin
(
2πlh
L
)
✱ l = 1, . . . , N ✳
❚❤❡♥ ❢♦r t❤❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧✐③❡❞ ♠❛tr✐① CV ✭t❤❛t ❤❛s t❤❡ s❛♠❡ ❡✐❣❡♥✈❛❧✉❡s ❛s CU ✮ ✇❡
♦❜t❛✐♥✿
λ
(CV )
l = ±
ic
h
sin
(
2πlh
L
)
✱ l = 1, . . . , N,
❘❘ ♥➦ ✼✵✻✼
✷✹ ❉✳ P♦♥♦♠❛r❡✈
❛♥❞ ✐t ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ 2N ❡✐❣❡♥✈❛❧✉❡s ✐♥ t♦t❛❧✱ ❜✉t ♦♥❧② N ♦❢ t❤❡♠ ❛r❡ ❞✐st✐♥❝t ✭t❤❛t ✐s
t♦ s❛②✱ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐s ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✷✮✳
▲❡t ✉s ♣r♦❝❡❡❞ ✇✐t❤ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ t✐♠❡✿
V˜n+1 − V˜n
k
= CV V˜
n ⇒ V˜n+1 = (kCV + I)︸ ︷︷ ︸
=BV
V˜n.
■t ❢♦❧❧♦✇s t❤❛t✿
λ(BV ) = kλ(CV ) + 1,
❛♥❞✿
ρ(BV ) =
√
k2c2
h2
+ 1 > 1.
❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❋❚❈❙ ♠❡t❤♦❞ ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✉♥st❛❜❧❡ ✭♥♦ ♠❛tt❡r ✇❤❛t t✐♠❡
❛♥❞ s♣❛❝❡ st❡♣s ✇❡ t❛❦❡✮✳
◆♦✇✱ ❛❢t❡r t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❡✱ ✇❡ tr② t♦ ❛♣♣❧② ❛♥♦t❤❡r ♠❡t❤♦❞✱ t❤❡
s♦✲❝❛❧❧❡❞ ▲❡❛♣✲❋r♦❣ ✭▲❋✷✮ s❝❤❡♠❡✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ s♣❛❝❡ ❛♥❞ t✐♠❡✿
yn+1j − 2ynj + yn−1j
k2
= c2
ynj+1 − 2ynj + ynj−1
h2
. ✭✷✷✮
❯♥❧✐❦❡ ❢♦r t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❡ ✇❡ ✇✐❧❧ ❝❤❡❝❦ st❛❜✐❧✐t② ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛② ❞❡♠♦♥str❛t✐♥❣
❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤✳
❙✐♥❝❡ ✇❡ ❤❛✈❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ ✉s❡ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❞✐s❝✉ss❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❛t ✐s✱ ✇❡ ✜♥❞ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐① ❛♥❞ ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ ✐ts
s♣❡❝tr❛❧ r❛❞✐✉s✳ ❆❧t❡r♥❛t✐✈❡❧②✱ s✐♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❛❧❧♦✇s s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞
❢♦r s♣❛t✐❛❧ ♣❛rt ❋♦✉r✐❡r ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ✇❡ ❝❛♥ s❡❛r❝❤ ❢♦r ❛ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥ ✐♥ t❤❡
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✷✺
❢♦r♠✿
ynj = G
neiξxj = Gneiξjh = Gneijζ ,
✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ζ = ξh✳
■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❛❜s♦❧✉t❡ st❛❜✐❧✐t②✱ G ✭✇❤✐❝❤ ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ ❛s t❤❡ ❣r♦✇t❤ ❢❛❝t♦r✮
♠✉st s❛t✐s❢② ❝♦♥❞✐t✐♦♥✿
|G| ≤ 1.
P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ t❤❡ s❝❤❡♠❡ ✭✷✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r G✿
(
Gn+1 − 2Gn +Gn−1) eijζ = c2k2
h2
Gneijζ
(
eiζ − 2 + e−iζ) ⇒
⇒ G2 − 2G+ 1 = G2c
2k2
h2
(cos ξ − 1) ⇒
⇒ G2 − 2
(
1− 2c
2k2
h2
sin2(ξ/2)
)
G+ 1 = 0
✳
❍❡♥❝❡ ✇❡ ❤❛✈❡ t✇♦ r♦♦ts ✲ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❣r♦✇t❤ ❢❛❝t♦r✿
G1,2 = α±
√
α2 − 1,
✇❤❡r❡ ✇❡ ❞❡♥♦t❡ α = 1− 2c
2k2
h2
sin2(ξ/2)✳
❋✐rst✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ |α| > 1✱ t❤❡♥ ❢♦r ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ r♦♦t |G| > 1✱ ✇❤✐❝❤
❧❡❛❞s t♦ ✐♥st❛❜✐❧✐t②✳
◆♦✇✱ ❛ss✉♠❡ |α| ≤ 1✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ ✷ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡❞ r♦♦ts ❛♥❞ t❤✉s✿
|G1,2| = α2 + (1− α)2 ≤ 1.
❚❤✐s ✐s ❢✉❧✜❧❧❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❞✉❡ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ |α| ≤ 1✳ ■t ♠❡❛♥s α ≥ −1 ✭s✐♥❝❡✱
❡✈✐❞❡♥t❧②✱ α ≤ 1✮ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇② ✭❈❋▲✮ ❝♦♥✲
❘❘ ♥➦ ✼✵✻✼
✷✻ ❉✳ P♦♥♦♠❛r❡✈
❞✐t✐♦♥✿
k ≤ h
c
. ✭✷✸✮
❲❡ s❤♦✉❧❞ str❡ss t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡s ♠✉❝❤ ❧❡ss ❧✐♠✐t❛t✐♦♥ ✭t❤❡ r❡str✐❝t✐♦♥ ✐s ❥✉st
❧✐♥❡❛r ✐♥ h✮ ♦♥ ❛ t✐♠❡ st❡♣ t❤❛♥ t❤❡ ♦♥❡ ❢♦r t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✷✮ ✭✇❤❡r❡ t❤❡
r❡str✐❝t✐♦♥ ♦♥ ❛ t✐♠❡ st❡♣ ✇❛s q✉❛❞r❛t✐❝ ✐♥ h✮ ❛♥❞ t❤❡r❡❜② ♠❛❦❡s ✇❛② ❢♦r ❛♥ ❡①♣❧✐❝✐t s❝❤❡♠❡✳
◆♦✇ ✇❡ ✇❛♥t t♦ ❛♣♣❧② t❤❡ ▲❋✷ s❝❤❡♠❡ t♦ ❞✐s❝r❡t✐③❡ ✭✶✺✮ ✐♥st❡❛❞ ♦❢ t❛❝❦❧✐♥❣ ♦r✐❣✐♥❛❧ ✇❛✈❡
❡q✉❛t✐♦♥✳
■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✿


un+1j − un−1j
2k
= c
vnj+1 − vnj−1
2h
,
vn+1j − vn−1j
2k
= c
unj+1 − unj−1
2h
.
✭✷✹✮
❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t ✐♥ t❤✐s s❝❤❡♠❡✱ ✈❛❧✉❡s ✭✐♥ ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡✮ ♦♥ ♦♥❡ ❤❛♥❞
s✐❞❡ ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ ❜❡t✇❡❡♥ ♦❢ t❤❡ ♣♦✐♥ts ✉s❡❞ ♦♥ t❤❡ ♦t❤❡r ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ t❤❡r❡❢♦r❡ t❤❡
s②♠♠❡tr② ❣✉❛r❛♥t❡❡s t❤❡ s❡❝♦♥❞ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❛r❡
❣♦✐♥❣ t♦ s❤♦✇ ♥♦✇✱ ♠♦r❡ ♥❛t✉r❛❧ ✇❛② t♦ ♣r❡s❡r✈❡ t❤❡ s②♠♠❡tr② ✭❡✈❡♥ ✇✐t❤✐♥ ❛ s✐♥❣❧❡ st❡♣✮
✐s ✉s✐♥❣ s♦✲❝❛❧❧❡❞ st❛❣❣❡r❡❞ ❣r✐❞ ❛s ✐t ❢♦❧❧♦✇s✳ ❆ss✉♠❡ ✇❡ ♣r❡s❝r✐❜❡ ✈❛❧✉❡s ♦❢ u ✐♥ t✐♠❡ ♣♦✐♥ts
✐♥ ✉s✉❛❧ ✇❛② ❜✉t ❢♦r s♣❛❝❡ ♣♦✐♥ts ✇❡ ❞❡✜♥❡ ✐ts ✈❛❧✉❡s ♦♥ ❛ ❞✉❛❧ ❣r✐❞ t❤❛t ✇❡ ❞❡♥♦t❡ ✇✐t❤
❤❛❧❢✲✐♥t❡❣❡r ✐♥❞✐❝❡s❀ ❢♦r v ❡✈❡r②t❤✐♥❣ ✐s t❤❡ ♦t❤❡r ✇❛② r♦✉♥❞ ✲ ✇❡ ✉s❡ r❡❣✉❧❛r ♠❡s❤ ✐♥ s♣❛❝❡
❛♥❞ ❤❛❧❢✲✐♥t❡❣❡r t✐♠❡ st❡♣s✳
❚❤✐s st❛❣❣❡r❡❞ ❣r✐❞ ✐s ✐❧❧✉str❛t❡❞ ♦♥ ❋✐❣✳ ✶✳
❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♦♥ t❤✐s ♠❡s❤ r❡❛❞s✿
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✷✼
❋✐❣✳ ✶✿ ❙t❛❣❣❡r❡❞ ❣r✐❞ ♣❛tt❡r♥


un+1j+1/2 − unj+1/2
k
= c
v
n+1/2
j+1 − vn+1/2j
h
,
v
n+3/2
j+1 − vn+1/2j+1
k
= c
un+1j+3/2 − un+1j+1/2
h
.
✭✷✺✮
❚❤✐s ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✭❢♦r ❢✉❧❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✮ ♦❢ t❤❡ s❝❤❡♠❡ ✉s✉❛❧❧②
r❡❢❡rr❡❞ ❛s ❙t❛❣❣❡r❡❞▲❋✷✳
■❢ ✇❡ s✉❜st✐t✉t❡ ❤❡r❡ ♠✐❞♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✶✹✮✿


unj+1/2 = c
ynj+1 − ynj
h
,
v
n+1/2
j =
yn+1j − ynj
k
,
t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✷✺✮ t✉r♥s ♦✉t t♦ ❜❡ tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❛♥❞ t❤❡ s❡❝♦♥❞ ❣✐✈❡s✿
yn+2j − 2yn+1j + ynj
k2
= c2
yn+1j+1 − 2yn+1j + yn+1j−1
h2
,
✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭❛❢t❡r r❡✲✐♥❞❡①✐♥❣ ✐♥ t✐♠❡ (n + 1) → n✮ t❤❡ ▲❋✷ s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡
❢♦r t❤❡ ♦r✐❣✐♥❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚❤✉s✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✭✷✷✮ ❛♥❞ ✭✷✺✮ ✐s ♥♦✇ s❤♦✇♥✳
❘❘ ♥➦ ✼✵✻✼
✷✽ ❉✳ P♦♥♦♠❛r❡✈
❉❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❙t❛❣❣❡r❡❞▲❋✷ s❝❤❡♠❡
▲❡t ✉s ✐❧❧✉str❛t❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ❙t❛❣❣❡r❡❞▲❋✷ s❝❤❡♠❡ ♦♥ ❛ ♣❛rt✐❝✉❧❛r
❡①❛♠♣❧❡ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠✿


ytt = c
2yxx, 0 < x < L, t > 0,
y(x, 0) = sin
(πx
L
)
, 0 ≤ x ≤ L,
yt(x, 0) = 0, 0 ≤ x ≤ L,
y(0, t) = y(L, t) = 0, t ≥ 0.
✭✷✻✮
❚❤❡ ♣r♦❜❧❡♠ ♦❜✈✐♦✉s❧② ❤❛s t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✿
y(x, t) =
1
2
(
sin
(
π(x+ ct)
L
)
+ sin
(
π(x− ct)
L
))
. ✭✷✼✮
❆s ✐t ✇❛s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✱ ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ✈❛r✐❛❜❧❡s ✭✶✹✮✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ t❤❡ ✇❛✈❡
❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮ ✐♥t♦ ❛ s②st❡♠ ♦❢ ✜rst ♦r❞❡r P❉❊s ✭✶✺✮ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✐t✐❛❧
❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✻✮✳ ❆♣♣❧②✐♥❣ t❤✐s t♦ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡ ✭✷✻✮✱ ✇❡ ❛rr✐✈❡ ❛t✿


ut = cvx,
vt = cux,
u(x, 0) =
πc
L
cos
(πx
L
)
,
v(x, 0) = 0,
v(0, t) = v(L, t) = 0,
ux(0, t) = ux(L, t) = 0.
✭✷✽✮
❊①❛❝t s♦❧✉t✐♦♥ ♦❢ ✭✷✽✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✷✼✮ ❛♥❞ ✭✶✹✮✱ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②✿
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✷✾


u(x, t) =
πc
2L
(
cos
(
π(x+ ct)
L
)
+ cos
(
π(x− ct)
L
))
,
v(x, t) =
πc
2L
(
cos
(
π(x+ ct)
L
)
− cos
(
π(x− ct)
L
))
.
✭✷✾✮
◆♦✇ ✇❡ ♠♦✈❡ t♦ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✷✽✮✳ ❚❤❡ ❙t❛❣❣❡r❡❞▲❋✷ s❝❤❡♠❡ ✭✷✺✮ ❣✐✈❡s✿
un+1j+1/2 = u
n
j+1/2 +
kc
h
(
v
n+1/2
j+1 − vn+1/2j
)
, j = 0, . . . , N,
n = 0, . . . , M,
v
n+3/2
j+1 = v
n+1/2
j+1 +
kc
h
(
un+1j+3/2 − un+1j+1/2
)
=
= v
n+1/2
j+1 +
kc
h
(
unj+3/2 − unj+1/2+
+
kc
h
(
v
n+1/2
j+2 − 2vn+1/2j+1 + vn+1/2j
))
, j = 0, . . . , N − 1,
n = 0, . . . , M.
✭✸✵✮
❚❤❡ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ r❡♣❧❛❝✐♥❣ (j + 1)→ j✱ ♥❛♠❡❧②✿
v
n+3/2
j = v
n+1/2
j +
kc
h
(
unj+1/2 − unj−1/2+
+
kc
h
(
v
n+1/2
j+1 − 2vn+1/2j + vn+1/2j−1
))
, j = 1, . . . , N,
n = 0, . . . , M.
✭✸✶✮
❚❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s r❡❛❞✿
u0j+1/2 =
πc
L
cos
(πxj+1/2
L
)
, j = 0, . . . , N + 1,
v
1/2
j = 0, j = 0, . . . , N + 1,
v
n+1/2
0 = 0, n = 0, . . . , M + 1,
v
n+1/2
N+1 = 0, n = 0, . . . , M + 1,
unN+3/2 = u
n
N+1/2, n = 0, . . . , M + 1,
✭✸✷✮
❘❘ ♥➦ ✼✵✻✼
✸✵ ❉✳ P♦♥♦♠❛r❡✈
✇❤❡r❡ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ux ❛t t❤❡
❜♦✉♥❞❛r② ♦❢ t❤❡ st❛❣❣❡r❡❞ ❣r✐❞✳
❲❡ ❝❛♥♥♦t ✐♠♣♦s❡ ❛ s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ❜♦✉♥❞❛r②✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡
✈❛❧✉❡ un−1/2 ✐♥ ♦r❞❡r t♦ ❞✐s❝r❡t✐③❡ ✐t s②♠♠❡tr✐❝❛❧❧② ✭❛♥❞ t❤❡r❡❢♦r❡ ♣r❡s❡r✈❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r
❛❝❝✉r❛❝②✮✱ ❤♦✇❡✈❡r t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♥❡❡❞❡❞ ✭✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ r❡❞✉♥❞❛♥❝② ♦❢
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤❡♥ ✇❡r❡ ❢♦r♠✉❧❛t✐♥❣ ✭✶✻✮✮✱ ❜❡❝❛✉s❡ t❤❡ ✜rst ❢♦r♠✉❧❛ ✐♥ ✭✸✵✮✱ t❤❛t ✐s
✈❛❧✐❞ ❢♦r j = 0✱ ❝❛♥ ❜❡ ✉t✐❧✐③❡❞✿
un+11/2 = u
n
1/2 +
kc
h

vn+1/21 − vn+1/20︸ ︷︷ ︸
=0

 = un1/2 + kch vn+1/21 , ✭✸✸✮
❛♥❞ t❤❡r❡❜② t❤✐s ✈❛❧✉❡ ❛t t❤❡ ❜♦✉♥❞❛r② ✐s tr❛♥s♠✐tt❡❞ st❡♣ ❜② st❡♣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ♦♥❡ ❛t
t = 0✳
❚❤❡ ❢♦r♠✉❧❛s ❛❜♦✈❡ ✭✸✵✮✱ ✭✸✶✮✱ ✭✸✷✮✱ ✭✸✸✮ ❛❧❧♦✇ ✉s t♦ ♣❡r❢♦r♠ ❝❛❧❝✉❧❛t✐♦♥ ❛t ❛❧❧ s♣❛❝❡ ❛♥❞
t✐♠❡ ♣♦✐♥ts✳
❖♥❝❡ ❛❧❧ ✈❛❧✉❡s ♦❢ unj+1/2 ❛♥❞ v
n+1/2
j ❛r❡ ❝♦♠♣✉t❡❞✱ ✇❡ ❝❛♥ ❣❡t ❜❛❝❦ t♦ s♦❧✉t✐♦♥ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✻✮ s✐♠♣❧② ❜② ✐♥t❡❣r❛t✐♥❣ ♦♥❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s ✭✶✹✮ ✉s✐♥❣
♠✐❞♣♦✐♥t r✉❧❡ ✭t♦ ♣r❡s❡r✈❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛❝②✮✿
ynj = y(xj , tn) = y(0, tn) +
1
c
∫ xj
0
u(ξ, tn)dξ ≈ yn0 +
h
c
j−1∑
l=0
unl+1/2
(j = 0, . . . , N + 1, n = 0, . . . ,M + 1) ,
✭✸✹✮
♦r✿
ynj = y(xj , tn) = y(x, 0) +
∫ tn
0
v(xj , θ)dθ ≈ y0j + k
n∑
l=0
v
l+1/2
j
(j = 0, . . . , N + 1, n = 0, . . . , M + 1).
✭✸✺✮
❊❛❝❤ ♦❢ t❤❡s❡ t✇♦ ❢♦r♠✉❧❛s ❤❛s ✐ts ♦✇♥ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s✳ ❚❤❡ ✜rst ♦❢ t❤❡♠
✭✸✹✮ ❞♦❡s ♥♦t r❡q✉✐r❡ st♦r❛❣❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛t ❛❧❧ ♣r❡✈✐♦✉s t✐♠❡s✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ❜❡♥❡✜t
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✸✶
❢r♦♠ ❙t❛❣❣❡r❡❞▲❋✷ ❜❡✐♥❣ ❛♥ ❡①♣❧✐❝✐t ♠❡t❤♦❞✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡ ✭✸✺✮ ❡♠♣❧♦②✐♥❣ t✐♠❡
✐♥t❡❣r❛t✐♦♥ ❣✐✈❡s ❜❡tt❡r ❛❝❝✉r❛❝② s✐♥❝❡ ✉s✉❛❧❧② ✭❞✉❡ t♦ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✮ ✇❡ ❤❛✈❡ ♠♦r❡
t❡♠♣♦r❛❧ ♣♦✐♥ts t❤❛♥ s♣❛t✐❛❧✳
❖♥ ❋✐❣✳ ✷ ✇❡ s❤♦✇ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ❡①❛❝t ♦♥❡s ❛t
❞✐✛❡r❡♥t t✐♠❡ st❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ♦❢ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs✿ ❧❡♥❣t❤ ♦❢ ♣❤②s✐❝❛❧
✭s♣❛t✐❛❧✮ ❞♦♠❛✐♥ L = 10✱ ✈❡❧♦❝✐t② c = 1.5✱ t♦t❛❧ t✐♠❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ T = 10✱ ♥✉♠❜❡r ♦❢ s♣❛❝❡
✐♥t❡r✈❛❧s N + 1 = 50✱ ♥✉♠❜❡r ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s M + 1 = 100✳
❚❤❡ s❛♠❡ ✐s s❤♦✇♥ ♦♥ ❋✐❣✳ ✸ ❜✉t ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s M +1 = 50 ②✐❡❧❞✐♥❣
✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✷✸✮ t❤❛t r❡s✉❧ts ✐♥ t❤❡ ✐♥st❛❜✐❧✐t② ✐♥ t✐♠❡ ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✳
❘❘ ♥➦ ✼✵✻✼
✸✷ ❉✳ P♦♥♦♠❛r❡✈
❋✐❣✳ ✷✿ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❤❡❧❞
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❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✸✸
❋✐❣✳ ✸✿ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✈✐♦❧❛t❡❞
❘❘ ♥➦ ✼✵✻✼
✸✹ ❉✳ P♦♥♦♠❛r❡✈
✸ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞
❇❡s✐❞❡s t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ♠❡t❤♦❞✱ t❤❡r❡ ❛r❡ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛t ❛r❡ ✇✐❞❡❧② ✉s❡❞
❢♦r ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡✱ s✉❝❤ ❛s t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
❚❤❡ ❧❛tt❡r ✐s ♠❛✐♥❧② ✉s❡❞ ✐♥ ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ✭✐✳❡✳ ❢♦r ♣r♦❜❧❡♠s ✇✐t❤♦✉t
♣❛rt✐❝✉❧❛r s♣❛❝❡ ❞✐r❡❝t✐♦♥s ❞✐❝t❛t✐♥❣ ❜② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡r❡❜② ❛❧❧♦✇✐♥❣ ✉s❡ ♦❢ s②♠♠❡tr✐❝ ❜❛s✐s
❢✉♥❝t✐♦♥s t♦ ❡①♣❛♥❞ s♦❧✉t✐♦♥✮✳ ❚❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s
♠❡t❤♦❞✱ ❜✉t ❜❛s❡❞ ♦♥ ✐♥t❡❣r❛❧ ❢♦r♠ ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ ❜❡✐♥❣ ♣❡r❢❡❝t❧② s✉✐t❛❜❧❡ ❢♦r
♣r♦❜❧❡♠s ✇✐t❤ ❞✐s❝♦♥t✐♥✉✐t✐❡s✱ ✐s ❞❡s✐❣♥❡❞ ❢♦r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s ❜✉t ❣❡♥❡r❛❧❧② ❤❛✈✐♥❣ ❛s
❞✐s❛❞✈❛♥t❛❣❡ ✐♥❛❜✐❧✐t② t♦ ❣✐✈❡ ❤✐❣❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦♥ ✉♥str✉❝t✉r❡❞ ❣r✐❞✳
❚❤❡r❡❢♦r❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ ❛ ✇✐s❡ ♠✐①t✉r❡ ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s ♠❡♥t✐♦♥❡❞ ❛♥❞ t❤✐s
❧❡❛❞s ✉s t♦ t❤❡ s♦✲❝❛❧❧❡❞ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❉●✮ ♠❡t❤♦❞✳
❲❡ ✐♥t❡♥❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❉● ♠❡t❤♦❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥✿
∂u
∂t
+
∂f(u)
∂x
= 0, ✭✸✻✮
✇✐t❤ ❧✐♥❡❛r ✢✉① f(u) = cu✳
❲❡ ❧♦♦❦ ❢♦r ❛ s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥ ♦♥ ❛♥ s♣❛t✐❛❧ ✐♥t❡r✈❛❧ Ω = [0, L] ♣❡r❢♦r♠✐♥❣ ♣❛rt✐✲
t✐♦♥✐♥❣ ♦❢ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ ✐♥t♦ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❡❧❡♠❡♥ts Ω =
K∪
k=1
Dk ❛s ✇❡❧❧ ❛s ❞✐s❝r❡t✐③❛✲
t✐♦♥ ✇✐t❤✐♥ ❛♥ ❡❛❝❤ ❡❧❡♠❡♥t Dk = [xk1 , x
k
Np ]✳ ◆♦t❡ t❤❛t x
1
1 = 0✱ x
k
1 = x
k−1
Np
✱ xkNp = x
k+1
1 ✱
xKNp = L ✇❤❡r❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐s K ❛♥❞ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ✇✐t❤✐♥ ♦♥❡ ❡❧❡♠❡♥t ✐s
Np ❛♥❞ s✐③❡ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐s h
k = xkNp − xk1 ✳
■❧❧✉str❛t✐♦♥ ♦❢ t❤✐s ♣❛rt✐t✐♦♥✐♥❣ ✐s ❣✐✈❡♥ ♦♥ ❋✐❣✳ ✹✳
■♥ t❤❡ ❉● ♠❡t❤♦❞ ✇❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ ❜✉t ✇❡ s❡❛r❝❤ ❢♦r ❧♦❝❛❧
✭♥♦t ❣❧♦❜❛❧ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❋❊▼✮ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥ uh(x, t) ✐♥ D
k ❛s ❛♥ ❡①♣❛♥s✐♦♥
♦♥ s♦♠❡ ❜❛s✐s ♦❢ ❢✉♥❝t✐♦♥s
{
ψkn(x)
}Np
n=1
t❤❛t ✇❡ ❛ss✉♠❡ ❤❡r❡ t♦ ❜❡ ❝❤♦s❡♥ ❢r♦♠ t❤❡ s♣❛❝❡
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❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✸✺
❋✐❣✳ ✹✿ ❉♦♠❛✐♥ ♣❛rt✐t✐♦♥✐♥❣ ❢♦r t❤❡ ❉● ♠❡t❤♦❞
C∞(Dk)✿
ukh(x, t) =
Np∑
n=1
uˆkn(t)ψ
k
n(x). ✭✸✼✮
❚❤❡♥ t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s✿
u(x, t) ≈ uh(x, t) =
K⊕
k=1
ukh(x, t).
❙✐♥❝❡ ✇❡ r❡♣❧❛❝❡ ♦r✐❣✐♥❛❧ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇✐t❤ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
s♣❛❝❡ t❤❛t ✐s s♣❛♥♥❡❞ ❜②
{
ψkn(x)
}Np
n=1
✱ t❤❡ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ukh(x, t) ❞♦❡s ♥♦t
❡①❛❝t❧② s❛t✐s❢② t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✭✸✻✮✱ ❛♥❞ t❤✐s ②✐❡❧❞s ♥♦t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ r❡s✐❞✉❛❧✿
Rkh(x, t) =
∂ukh
∂t
+
∂f(ukh)
∂x
. ✭✸✽✮
❲❡ ✇❛♥t t❤✐s ❧♦❝❛❧ r❡s✐❞✉❛❧ t♦ ❜❡ ♦rt❤♦❣♦♥❛❧ t♦ ❛ t❡st ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ t❤❛t✱
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦❛❝❤✱ ✇❡ ❝❤♦♦s❡ t♦ ❜❡ t❤❡ s❛♠❡ ❛s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡
❞❡✜♥❡❞ ❛❜♦✈❡✳ ❉✉❡ t♦ ✐♥❞❡♣❡♥❞❡♥❝② ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ✐t r❡s✉❧ts ✐♥ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡
r❡s✐❞✉❛❧ ✭✸✽✮ t♦ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s
{
ψkn(x)
}Np
n=1
✿
∫
Dk
Rkh(x, t)ψ
k
n(x)dx = 0, ✭✸✾✮
❘❘ ♥➦ ✼✵✻✼
✸✻ ❉✳ P♦♥♦♠❛r❡✈
❢♦r n = 1, . . . , Np✳
❆❢t❡r ♣❧✉❣❣✐♥❣ ✭✸✽✮ ✐♥t♦ ✭✸✾✮ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✭s✐♥❝❡✱ ❛s ✇❡ ❛ss✉♠❡❞✱
♦✉r ❜❛s✐s ❢✉♥❝t✐♦♥s
{
ψkn(x)
}Np
n=1
❛r❡ s♠♦♦t❤ ♦♥ Dk✮✿
∫
Dk
(
∂ukh
∂t
ψkn − cukh
∂ψkn
∂x
)
dx = − [cukhψkn] |xkNpxk1 . ✭✹✵✮
■❢ ✇❡ ❝♦♥s✐❞❡r❡❞ ❥✉st ❛♥ ✐s♦❧❛t❡❞ ❡❧❡♠❡♥t Dk✱ ✭✹✵✮ ✇♦✉❧❞ ❣✐✈❡ ✉s Np ❡q✉❛t✐♦♥s ❛❧❧♦✇✐♥❣
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts uˆkn(t) ✭❢♦r n = 1, . . . , Np ❛♥❞ ✜①❡❞ k✮ ♦❢ t❤❡ ❧♦❝❛❧
s♦❧✉t✐♦♥ ✭✹✸✮✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ❧♦❝❛❧✐t② ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡✱ ✇❡ ❤❛✈❡
❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ uh(x, t) ❛t ❡✈❡r② ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts✱ ❛♥❞ ✐t ❣✐✈❡s r✐s❡
t♦ ❛ q✉❡st✐♦♥ r❡❣❛r❞✐♥❣ ✇❤✐❝❤ ✈❛❧✉❡ ♦❢ ukh t♦ t❛❦❡ ❛t ❡❛❝❤ ❡❧❡♠❡♥t ❜♦✉♥❞❛r②✳ ❚❤❡r❡❢♦r❡✱ ✐♥
❣❡♥❡r❛❧ ✇❡ ❝❛♥ s✐♠♣❧② r❡✇r✐t❡ ✭✹✸✮✿
∫
Dk
(
∂ukh
∂t
ψkn − cukh
∂ψkn
∂x
)
dx = − [f⋆ψkn] |xkNpxk1 , ✭✹✶✮
✐♥tr♦❞✉❝✐♥❣ t❤❡ ✧♥✉♠❡r✐❝❛❧ ✢✉①✑ f⋆ = (cu)
⋆
= cu⋆h ❛s ❛ s♠❛rt ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✢✉① ✈❛❧✉❡s
♦♥ t❤❡ ❝♦♠♠♦♥ ❜♦✉♥❞❛r② ♦❢ ❡✈❡r② ❛❞❥❛❝❡♥t ❡❧❡♠❡♥ts t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ r❡❛❧ ✢✉① f = cu
t❤r♦✉❣❤ t❤✐s ❜♦✉♥❞❛r②✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥ t❤❡ r✐❣❤t ❜♦✉♥❞❛r② ♦❢ Dk t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✐s
s♦♠❡ ❢✉♥❝t✐♦♥ ♦❢ ukh(x
k
Np
) ❛♥❞ uk+1h (x
k+1
1 )✿ f
⋆|xk
Np
= f⋆(ukh, u
k+1
h ) t❤❛t ♠✉st ❜❡ ❝❤♦s❡♥ ✐♥
❛ ✇❛② ♥♦t t♦ ❝❛✉s❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ✇❤♦❧❡ ♠❡t❤♦❞ ✭st✉❞② ♦❢ st❛❜✐❧✐t② ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞
❢❡✇ ♣❛r❛❣r❛♣❤s ❧❛t❡r✮ ❛♥❞ ♦❜✈✐♦✉s❧② ❜❡ ❝♦♥s✐st❡♥t ✭t❤❛t ✐s t♦ s❛t✐s❢② f⋆(ukh, u
k
h) = cu
k
h ❛♥❞
f⋆(uk+1h , u
k+1
h ) = cu
k+1
h ✮✳
❖♥❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✐s ❝❤♦s❡♥✱ ✇❡ ❝❛♥ ✉s❡ ✭✹✶✮✱ t❤❛t ✐s r❡❢❡rr❡❞ ❛s ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✱
t♦ ♦❜t❛✐♥ ❛❧❧ t❤❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts uˆkn(t) ❢♦r ❛❧❧ ❡❧❡♠❡♥ts ❛♥❞ t❤❡r❡❜② r❡❝♦✈❡r ❣❧♦❜❛❧❧②
❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ uh(x, t)✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✸✼
❍❛✈✐♥❣ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛❣❛✐♥ ❛♥❞
❤❡♥❝❡ tr❛♥s❢♦r♠ ✭✹✶✮ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✿
∫
Dk
Rkh(x, t)ψ
k
n(x)dx =
[(
cukh − f⋆
)
ψkn
] |xkNp
xk1
, ✭✹✷✮
✇❤✐❝❤ ✐s ❝❛❧❧❡❞ str♦♥❣ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ✐t ❣✐✈❡s ❛ ✇❛② t♦ ♣♦s❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❜❛s✐s ❢✉♥❝t✐♦♥s
t❤❛t ❛r❡ ♥♦♥✲s♠♦♦t❤ ♦r ❡✈❡♥ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✳
❚❤❡ q✉❡st✐♦♥ t❤❛t st✐❧❧ r❡♠❛✐♥s ✐s ❤♦✇ ❡①❛❝t❧② t♦ ❝❤♦♦s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✳ ❙✐♥❝❡ t❤❡
❝r✉❝✐❛❧ ♣r♦♣❡rt② ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s st❛❜✐❧✐t②✱ ✇❡ ✇✐❧❧ ❜❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ s✐♠♣❧❡st✱ ❧✐♥❡❛r✱
♥✉♠❡r✐❝❛❧ ✢✉① ✐♥ ❛ ✇❛② ❢♦r t❤❡ ♠❡t❤♦❞ t♦ ❜❡ st❛❜❧❡✳
❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ ❡♥❡r❣② ♠❡t❤♦❞ ❢♦r st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✐t ✐s
❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ t❤❡ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s ❛s ❜❛s✐s ❢✉♥❝t✐♦♥s ✭t❤❛t ✐s s♦✲❝❛❧❧❡❞ ♥♦❞❛❧
❛♣♣r♦❛❝❤✮✳ ❚❤❡♥ ❢♦r ❧♦❝❛❧ s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❛♥ ❡❧❡♠❡♥t Dk ✇❡ ❤❛✈❡✿
ukh(x, t) =
Np∑
j=1
ukh(xj , t)l
k
j (x), ✭✹✸✮
✇❤❡r❡ lki (x) =
Np∏
j=1
(j 6=i)
x− xkj
xki − xkj
✐s t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧✳
❚❤❡ str♦♥❣ ❢♦r♠✉❧❛t✐♦♥ ✭✹✹✮ r❡❛❞s✿
∫
Dk
(
∂ukh
∂t
+
∂f(ukh)
∂x
)
lki (x)dx =
[(
cukh − f⋆
)
lki (x)
] |xkNp
xk1
, ✭✹✹✮
❢♦r i = 1, . . . , Np✳
P❧✉❣❣✐♥❣ ✭✹✸✮ ✐♥t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✹✮✱ ✇❡ ❛rr✐✈❡ ❛t✿
Np∑
j=1
dukh(xj , t)
dt
∫
Dk
lki (x)l
k
j (x)dx︸ ︷︷ ︸
≡Mkij
+
Np∑
j=1
cukh(xj , t)
∫
Dk
dlkj (x)
dx
lki (x)dx︸ ︷︷ ︸
≡Skij
=
[(
cukh − f⋆
)
lki (x)
] |xkNp
xk1
.
❘❘ ♥➦ ✼✵✻✼
✸✽ ❉✳ P♦♥♦♠❛r❡✈
❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ✈❡❝t♦r ❢♦r♠✿
Mk
d
dt
ukh + S
k(cukh) =
[(
cukh − f⋆
)
lk
] |xkNp
xk1
, ✭✹✺✮
✇❤❡r❡ ukh =
(
ukh(x1, t), . . . , u
k
h(xNP , t)
)T
✱ lk =
(
lk1(x), . . . , l
k
Np
(x)
)T
❛♥❞Mk✱ Sk ✐♥tr♦❞✉❝❡❞
❛❜♦✈❡ ❛r❡ ❧♦❝❛❧ ♠❛ss ❛♥❞ st✐✛♥❡ss ♠❛tr✐❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳
▼✉❧t✐♣❧②✐♥❣ ✭✹✺✮ ❜②
(
ukh
)T
✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
✲ t❤❡ ✜rst t❡r♠ ②✐❡❧❞s✿
Np∑
j=1
ukh(xj , t)
Np∑
i=1
dukh(xi, t)
dt
∫
Dk
lki (x)l
k
j (x)dx =
=
∫
Dk
Np∑
j=1
ukh(xj , t)l
k
j (x)︸ ︷︷ ︸
=uk
h
(x,t)
Np∑
i=1
dukh(xi, t)
dt
lki (x)︸ ︷︷ ︸
=
∂ukh(x, t)
∂t
dx =
1
2
d
dt
∥∥ukh∥∥2Dk
✲ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ t❤❡ s❡❝♦♥❞ t❡r♠ ❣✐✈❡s✿
c
Np∑
j=1
ukh(xj , t)
Np∑
i=1
ukh(xi, t)
∫
Dk
dlki (x)
dx
lkj (x)dx =
= c
∫
Dk
Np∑
j=1
ukh(xj , t)l
k
j (x)︸ ︷︷ ︸
=uk
h
(x,t)
Np∑
i=1
ukh(xi, t)
dlki (x)
dx︸ ︷︷ ︸
=
∂ukh(x, t)
∂x
dx =
c
2
(ukh)
2|x
k
Np
xk1
.
❉❡✈❡❧♦♣✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t❡r♠ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❝❤♦♦s✐♥❣ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s
❜❛s✐s ❜② ✉t✐❧✐③✐♥❣ t❤❡ ❢❛❝t t❤❛t lki (xj) = δij ✭δij ✐s t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✮✿
(
ukh
)T [(
cukh − f⋆
)
lk
] |xkNp
xk1
=
(
ukh
)T [(
cukh − f⋆
) (
lk1(x), 0, . . . , 0, l
k
Np(x)
)T]
|x
k
Np
xk1
=
=
[(
cukh − f⋆
)
ukh
] |xkNp
xk1
.
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✸✾
❋✐♥❛❧❧②✱ ✇❡ ♣✉t ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r ❛♥❞ ♦❜t❛✐♥✿
d
dt
∥∥ukh∥∥2Dk = 2 [(cukh − f⋆)ukh] |xkNpxk1 − c(ukh)2|x
k
Np
xk1
=
[
c(ukh)
2 − 2f⋆ukh
] |xkNp
xk1
. ✭✹✻✮
❋♦r st❛❜✐❧✐t② ♦♥❡ ✇❛♥ts t♦ ❤❛✈❡✿
d
dt
‖uh‖2Ω =
K∑
k=1
d
dt
∥∥ukh∥∥2Dk ≤ 0, ✭✹✼✮
♣r♦✈✐❞✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♦❧✉t✐♦♥ ✐s ♥♦t ❣r♦✇✐♥❣ ✐♥ t✐♠❡✱ t❤❛t ✐s t♦ s❛②✿
d
dt
‖u‖2Ω = −c
(
u2(L, t)− u2(0, t)) ≤ 0, ✭✹✽✮
✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✭✸✻✮ ♠✉❧t✐♣❧✐❡❞ ❜② u(x, t)✳
❙✉♠♠✐♥❣ ✉♣ ✭✹✻✮ ♦✈❡r ❛❧❧ ❡❧❡♠❡♥ts✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ s❛♠❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✈❛❧✉❡s ❛t
t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❞♦♠❛✐♥ Ω ❛s ✐♥ ✭✹✽✮ s✐♠♣❧② ❜② ❝❤♦♦s✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ✢✉① ❛t t❤❡ ❡①t❡r✐♦r ♣❧✉s ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❥✉♠♣s ❛t ❡✈❡r② ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts
r❡❧❛t❡❞ ✇✐t❤ s♦❧✉t✐♦♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s t❤❡r❡✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t❤❛t t❤❡ t♦t❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤♦s❡
❥✉♠♣s ❞♦ ♥♦t ♠❛❦❡ ❡①♣r❡ss✐♦♥ ✭✹✼✮ ♣♦s✐t✐✈❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥ ♦❢ ♥♦♥✲♣♦s✐t✐✈❡
❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ ❥✉♠♣ ❛t ❡❛❝❤ ✐♥t❡r❢❛❝❡✿
c
(
(uh(x
−, t))2 − (uh(x+, t))2
)− 2f⋆ (uh(x−, t)− uh(x+, t)) ≤ 0,
t❤❛t ✐s✿ (
u− − u+) (c (u− + u+)− 2f⋆) ≤ 0, ✭✹✾✮
✇❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ✉s❡ ♥♦t❛t✐♦♥ x− = xkNp ✱ x
+ = xk+11 ✱ u
+ = uh(x
+, t)✱
u− = uh(x
−, t)✱ ✐♠♣❧②✐♥❣ ✈❛❧✐❞✐t② ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥ ❛t ❛❧❧ ✐♥t❡r❢❛❝❡s✱ ✐✳❡✳ ❢♦r k = 1, . . . , Np−1✳
❘❘ ♥➦ ✼✵✻✼
✹✵ ❉✳ P♦♥♦♠❛r❡✈
❆s ✇❡ ❛❣r❡❡❞ ✇❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ♥✉♠❡r✐❝❛❧ ✢✉① ❛s t❤❡ s✐♠♣❧❡st ❢♦r♠✱ t❤❡r❡❢♦r❡ ✇❡ ❧♦♦❦
❢♦r t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛s ❛ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ uh(x
+) ❛♥❞ uh(x
−)
t❤❛t ✐s t❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ ✐♥ t❤❡ ❢♦r♠✿
f⋆ =
c
2
(
β1(u
− − u+) + β2(u− + u+)
)
.
■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✾✮✱ ✇❡ ❝♦♠❡ t♦✿
c(u− − u+) [(u− + u+)− β1(u− − u+)− β2(u− + u+)] ≤ 0.
❚♦ ❡♥s✉r❡ ♥❡❣❛t✐✈❡♥❡ss ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ r❡❣❛r❞❧❡ss ♣❛rt✐❝✉❧❛r ✈❛❧✉❡s ♦❢ u+ ❛♥❞ u−✱ ✇❡
✇❛♥t t♦ ❤❛✈❡ [. . .] = −β |c|
c
(u−−u+) ♣r♦✈✐❞✐♥❣ β ✐s ❛♥ ❛r❜✐tr❛r② ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✳ ❚❤✐s
r❡str✐❝t✐♦♥ ❧❡❛❞s ✉s str❛✐❣❤t❧② t♦✿
β1 = β
|c|
c
,
β2 = 1,
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❣❡♥❡r❛❧ ❧✐♥❡❛r ♥✉♠❡r✐❝❛❧ ✢✉① ✐s✿
f⋆ =
c
2
(u+ + u−) + β
|c|
2
(u− − u+), β ≥ 0.
◆♦t✐❝❡ t❤❛t ✐♥ ❝❛s❡ β = 0 ✇❡ ❤❛✈❡ t❤❡ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉① ✭❛♥❞ t❤✐s ❝♦rr❡s♣♦♥❞s t♦
③❡r♦ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ❛❧❧ ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s✮✿
f⋆ =
c
2
(u+ + u−), ✭✺✵✮
✇❤❡r❡❛s s❡tt✐♥❣ β = 1 ❧❡❛❞s t♦ t❤❡ ♣✉r❡❧② ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①✿
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❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✹✶
f⋆ =


cu−, c > 0,
cu+, c < 0.
✭✺✶✮
❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❡①♣❡❝t ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ ❢♦r ❛❧❧ ✧✐♥t❡r♠❡❞✐❛t❡✑ ❝❤♦✐❝❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ✢✉①✱ t❤❛t ✐s ❢♦r✿
f⋆ =
c
2
(u+ + u−) + β
|c|
2
(u− − u+), 0 ≤ β ≤ 1. ✭✺✷✮
❍♦✇❡✈❡r✱ ✐♥ ♦✉r st✉❞② ✇❡ ✇✐❧❧ ❢♦❝✉s ❥✉st ♦♥ t❤❡ ❝❡♥tr❛❧ ✭✺✵✮ ❛♥❞ t❤❡ ♣✉r❡❧② ✉♣✇✐♥❞ ✭✺✶✮
♥✉♠❡r✐❝❛❧ ✢✉①❡s✳
❍❛✈✐♥❣ ❝❤♦s❡♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✱ ♦♥❡
❝❛♥ ❣❡t ❜❛❝❦ t♦ ✭✹✶✮ ♦r ✭✹✷✮ ❛♥❞ ❡✈❡♥t✉❛❧❧② ❢♦r♠ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐①✳
❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ ❝♦♥s✐❞❡r✐♥❣ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ t❛❝❦❧❡❞ ❜② t❤❡ ❉● ♠❡t❤♦❞✱ ❡rr♦r
❡st✐♠❛t❡ ♥❡❡❞s t♦ ❜❡ ❜r✐❡✢② ♠❡♥t✐♦♥❡❞✳
❖❜✈✐♦✉s❧②✱ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts K ✭t❤❛t ✐s✱ r❡✜♥✐♥❣ ❣r✐❞✱ r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢
❛♥ ❡❧❡♠❡♥t h = L/K✮ ❛♥❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts Np ✭✇❤✐❝❤ r❡s✉❧ts ✐♥ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥
♦r❞❡r ❜❡✐♥❣ Np − 1✮ s❤♦✉❧❞ ❝❛✉s❡ ❛❝❝✉r❛❝② ❣❛✐♥ ♦❢ t❤❡ ♠❡t❤♦❞✳ ◆❛♠❡❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✹❪✱ ✐♥
❣❡♥❡r❛❧ ♦♥❡ ❤❛s✿
‖u− uh‖Ω ≤ ChNp−1/2. ✭✺✸✮
❍♦✇❡✈❡r✱ t❤✐s ❡st✐♠❛t❡s ❥✉st s♣❛t✐❛❧ ❡rr♦r ❛♥❞ ✧❝♦♥st❛♥t✑ C✱ ✐♥ ❢❛❝t✱ ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t
✭t❤❛t r❡s✉❧ts ✐♥ ❛t ❧❡❛st ❧✐♥❡❛r ❡rr♦r ❣r♦✇t❤ ✐♥ t✐♠❡✮✳
❘❘ ♥➦ ✼✵✻✼
✹✷ ❉✳ P♦♥♦♠❛r❡✈
❉❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞
▲❡t ✉s s❤♦✇ ❤♦✇ t❤❡ ❉● ♠❡t❤♦❞ ✇♦r❦s ♦♥ ♣r❛❝t✐❝❡ ❛♣♣❧②✐♥❣ ✐t t♦ ❛ s✐♠♣❧❡ ✧t♦② ♣r♦❜❧❡♠✑
✭♣r♦✈✐❞✐♥❣ c > 0✮✿ 

∂u
∂t
+ c
∂u
∂x
= 0, 0 < x < L, t > 0,
u(x, 0) = sinx,
u(0, t) = − sin(ct) ≡ a(t),
✇❤✐❝❤ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛❝t s♦❧✉t✐♦♥✿
u(x, t) = sin(x− ct).
❆s ✐t ✇❛s ❞✐s❝✉ss❡❞✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t Dk =
[xk1 , x
k
Np
] ✭k = 1, . . . , K✮ ✐♥ t❤❡ ❢♦r♠✿
ukh(x, t) =
Np∑
n=1
uˆkn(t)ψ
k
n(x).
P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✹✶✮ ❣✐✈❡s✿
Np∑
j=1
duˆkj (t)
dt
∫
Dk
ψki (x)ψ
k
j (x)dx︸ ︷︷ ︸
≡Mkij
−
Np∑
j=1
cuˆkj (t)
∫
Dk
dψki (x)
dx
ψkj (x)dx︸ ︷︷ ︸
≡(Skij)
T
= [−c (u)⋆︸ ︷︷ ︸
=f⋆
ψki (x)]|
xkNp
xk1
. ✭✺✹✮
❍❡r❡✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ ♥♦❞❛❧ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ✐❧❧✉str❛t❡❞ ❞✉r✐♥❣ st✉❞② ♦❢ st❛❜✐❧✐t②✱ ✇❡ ✇✐❧❧
✉s❡ ♠♦❞❛❧ ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦❛❝❤✳ ❆♥❞ ♥❛t✉r❛❧ ✇❛② t♦ ❞♦ ✐t s❡❡♠s t♦ ❜❡ ❝❤♦♦s✐♥❣ t❤❡ s❡t ♦❢
❢✉♥❝t✐♦♥s {xn}Np−1n=0 ❛s ❜❛s✐s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t♦ ❣♦ ♦♥ ✇✐t❤ s♦❧✈✐♥❣ ♣r♦❜❧❡♠ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡
❉● ♠❡t❤♦❞✱ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♥❡❡❞ t♦ ❜❡ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ❢r♦♠ ✭✺✹✮ t❤❛t r❡q✉✐r❡s ✐♥✈❡rt✐♥❣
♠❛ss ♠❛tr✐❝❡s✳ ❆t t❤✐s ♣♦✐♥t ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❡ ❢❛❝t t❤❛t
∫
xixjdx ∼ 1
i+ j − 1 ✇❤✐❝❤ ♠❛②
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✹✸
r❡s✉❧t ✐♥ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ✭s✐♥❝❡ ❢♦r ❤✐❣❤✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ t❤❡ ♠✉❧t✐♣❧✐❡r
1
i+ j − 1 ✐s ❝❧♦s❡
t♦ ③❡r♦✮ ♦❢ ♠❛ss ♠❛tr✐❝❡s ❛♥❞ t❤❡r❡❢♦r❡ ❢✉rt❤❡r ❧♦ss ♦❢ ❛❝❝✉r❛❝②✳
❖♥❡ ✇❛② t♦ ♣r♦❝❡❡❞ ✐s t♦ ♠❛❦❡ ✐♥✈❡rt✐♥❣ ♠❛ss ♠❛tr✐❝❡s Mk ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡✱ ❛♥❞
✐♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✇❡ ❝❤♦♦s❡ t❤❡ ♦rt❤♦♥♦r♠❛❧ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s {Pn−1}Npn=1 ♦♥ [−1, 1]
❛s ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ❞♦ ♦♥❡✲t♦✲♦♥❡ ♠❛♣♣✐♥❣✿
ψkn(x) = Pn−1( r
k︸︷︷︸
≡r
), n = 1, . . . , Np, ✭✺✺✮
[xk1 , x
k
Np ]→ [−1, 1] : rk(x) =
1
hk
(2x− xk1 − xkNp), ✭✺✻✮
✇❤❡r❡ t❤❡ ♦rt❤♦♥♦r♠❛❧ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❘♦❞r✐❣✉❡s✬
❢♦r♠✉❧❛✿
Pn(r) =
1
n!2n
√
2n+ 1
2
dn
drn
(r2 − 1)n,
♦r r❡❝✉rr❡♥t ❢♦r♠✉❧❛ t❤❛t t❤❡② ♦❜❡②
rPn(r) = anPn−1(r) + an+1Pn+1(r),
st❛rt✐♥❣ ✇✐t❤ P0(r) =
1√
2
✱ P1(r) =
√
3
2
r ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ an =
n√
(2n+ 1)(2n− 1) ✳
❚❤❡♥✱ ♣❡r❢♦r♠✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s x =
1
2
(xk1 +x
k
Np
)+
r
2
hk ✐♥ ✐♥t❡❣r❛❧s ♦❢ ✭✺✹✮✱ ✇❡
❤❛✈❡✿
Mkij =
∫ xkNp
xk1
ψki (x)ψ
k
j (x)dx =
hk
2
∫ 1
−1
Pi−1(r)Pj−1(r)dr =
hk
2
δij ,
Skij =
∫ xkNp
xk1
ψki (x)
dψkj (x)
dx
dx =
∫ 1
−1
Pi−1(r)
dPj−1(r)
dr
dr = Sij .
❘❘ ♥➦ ✼✵✻✼
✹✹ ❉✳ P♦♥♦♠❛r❡✈
◆♦t❡ t❤❛t ❢♦r ✉♥✐❢♦r♠ ♣❛rt✐t✐♦♥✐♥❣ ✭✐✳❡✳ hk = h✮ ♠❛ss ♠❛tr✐❝❡s ❛r❡ s✐♠♣❧② ❛ss❡♠❜❧❡❞ ✐♥t♦
t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♠✉❧t✐♣❧✐❡❞ ❜② h ❛♥❞ st✐✛♥❡ss ♠❛tr✐❝❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛♥ ❡❧❡♠❡♥t
♥✉♠❜❡r k✳
❚❛❦✐♥❣ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✱ ✭✺✹✮ tr❛♥s❢♦r♠s ❛s ❢♦❧❧♦✇s✿
hk
2
duˆki (t)
dt
−
Np∑
j=1
cuˆkj (t) (Sij)
T
= [−f⋆ψki (x)]|
xkNp
xk1
. ✭✺✼✮
❚❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ♦♥ t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ ❡q✉❛❧ f⋆|x11 = ca(t)
✭♣✉r❡❧② ✉♣✇✐♥❞✱ ❞✉❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✮ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ❜♦✉♥❞❛r② ✢✉① ✐s ♣✉r❡❧②
♦✉t✢♦✇ f⋆|xK
Np
= cuKh (x
K
Np
) ✭♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ✐♠♣♦s❡❞✮✳
❇❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ✇❡✱ ✜rst✱ ❝❤♦♦s❡ ♣✉r❡❧② ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✳
❚❤✐s ❣✐✈❡s ✭✇❤❡r❡ ✇❡ st✐❧❧ ✇✐❧❧ ✉s❡ ψ ♥♦t❛t✐♦♥ ❢♦r ❛ ✇❤✐❧❡ ✐♥st❡❛❞ ♦❢ P ✮✿
duˆ1i (t)
dt
= − c
h1
Np∑
j=1
[(
−2Sji + ψ1i (x1Np)ψ1j (x1Np)
)
uˆ1j (t) +
+ ψ1i (x
1
Np)ψ
2
j (x
1
Np)uˆ
2
j (t)
]
+
2c
h1
a(t)ψ1i (x
1
1),
duˆki (t)
dt
= − c
hk
Np∑
j=1
[(
−2Sji + ψki (xkNp)ψkj (xkNp)− ψki (xk1)ψkj (xk1)
)
uˆkj (t) +
+ ψki (x
k
Np)ψ
k+1
j (x
k
Np)uˆ
k+1
j (t)− ψki (xk1)ψk−1j (xk1)uˆk−1j (t)
]
, 2 ≤ k ≤ K − 1,
duˆKi (t)
dt
= − c
hK
Np∑
j=1
[(
−2Sji + 2ψKi (xKNp)ψKj (xKNp)− ψKi (xK1 )ψKj (xK1 )
)
uˆKj (t) −
− ψKi (xK1 )ψK−1j (xK1 )uˆK−1j (t)
]
.
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✹✺
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❞✉❡ t♦ ✭✺✺✮✲✭✺✻✮ ✇❡ ❤❛✈❡ ψki (x
k
1) = Pi−1(−1) ❛♥❞ ψki (xkNp) =
Pi−1(1)✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤✿
duˆ1i (t)
dt
= − c
h1
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)) uˆ1j (t) +
+ Pi−1(1)Pj−1(−1)uˆ2j (t)
]
+
2c
h1
a(t)Pi−1(−1),
duˆki (t)
dt
= − c
hk
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) uˆkj (t) +
+ Pi−1(1)Pj−1(−1)uˆk+1j (t)− Pi−1(−1)Pj−1(1)uˆk−1j (t)
]
, 2 ≤ k ≤ K − 1,
duˆKi (t)
dt
= − c
hK
Np∑
j=1
[
(−2Sji + 2Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) uˆKj (t) −
− Pi−1(−1)Pj−1(1)uˆK−1j (t)
]
.
◆♦✇✱ ❛❢t❡r ♠❛♣♣✐♥❣ t♦ ❧✐♥❡❛r ✐♥❞❡① str✉❝t✉r❡ (k, i)→ (k− 1)Np+ i✱ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥
♠❛tr✐① A ❝❛♥ ❜❡ ❛ss❡♠❜❧❡❞ ❛♥❞ t❤❡ ❢♦r♠✉❧❛s ❛❜♦✈❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ✈❡❝t♦r ❢♦r♠✿
duˆ(t)
dt
= cAuˆ(t) + f(t),
✇❤❡r❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦rs uˆ(t) ❛♥❞ f(t) ✐s KNp ✭t❤♦✉❣❤ f(t) ❤❛✈❡ ♦♥❧② ✜rst Np ❝♦♠✲
♣♦♥❡♥ts ♥♦t ❡q✉❛❧ t♦ ③❡r♦ t❤❛t ✐s r❡s✉❧t ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✮ ❛♥❞ t❤❡ ♠❛tr✐① A ❤❛s
t❤❡ s♣❛rs✐t② ♣❛tt❡r♥ ❣✐✈❡♥ ♦♥ ❋✐❣✳ ✺ ✭❢♦r K = 20, Np = 2✮✳
◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r ♣✉r❡❧② ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❛t ❛❧❧ ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥
❡❧❡♠❡♥ts✳
❘❘ ♥➦ ✼✵✻✼
✹✻ ❉✳ P♦♥♦♠❛r❡✈
❋✐❣✳ ✺✿ ❉✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐① s♣❛rs✐t② ♣❛tt❡r♥ ❢♦r t❤❡ ❉● ♠❡t❤♦❞ ✉s✐♥❣ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧
✢✉①❡s
❚❤✐s ②✐❡❧❞s✿
duˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(
−Sji + ψ1i (x1Np)ψ1j (x1Np)
)
uˆ1j (t) +
2c
h1
a(t)ψ1i (x
1
1),
duˆki (t)
dt
= − 2c
hk
Np∑
j=1
[(
−Sji + ψki (xkNp)ψkj (xkNp)
)
uˆkj (t)− ψki (xk1)ψk−1j (xk1)uˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
duˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[(
−Sji + ψKi (xKNp)ψKj (xKNp)
)
uˆKj (t)− ψKi (xK1 )ψK−1j (xK1 )uˆK−1j (t)
]
.
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✹✼
❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s✿
duˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(−Sji + Pi−1(1)Pj−1(1)) uˆ1j (t) +
2c
h1
a(t)Pi−1(−1),
duˆki (t)
dt
= − 2c
hk
Np∑
j=1
[
(−Sji + Pi−1(1)Pj−1(1)) uˆkj (t)− Pi−1(−1)Pj−1(1)uˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
duˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[
(−Sji + Pi−1(1)Pj−1(1)) uˆKj (t)− Pi−1(−1)Pj−1(1)uˆK−1j (t)
]
.
■♥ t❤❡ ✈❡❝t♦r ❢♦r♠✿
duˆ(t)
dt
= cAuˆ(t) + f(t),
✇❤❡r❡ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐① ❤❛s t❤❡ s♣❛rs✐t② ♣❛tt❡r♥ ❣✐✈❡♥ ♦♥ ❋✐❣✳ ✻ ✭❢♦r K =
20, Np = 2✮✳
◆♦✇ ✐t r❡sts t♦ ❞♦ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡✳ ❙✐♥❝❡ t❤❡ ♣♦✐♥t ♦❢ t❤✐s ❞❡♠♦♥str❛t✐♦♥ ✐s t♦
✐❧❧✉str❛t❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉● ♠❡t❤♦❞✱ ❜✉t ♥♦t ❣❛✐♥✐♥❣ ❤✐❣❤ ❛❝❝✉r❛❝② ✐♥ t✐♠❡✱ t♦ ❛✈♦✐❞
♣♦ss✐❜❧❡ st❛❜✐❧✐t② ✐ss✉❡s ✇❡ s✐♠♣❧② ✉s❡ t❤❡ ❇❛❝❦✇❛r❞ ❊✉❧❡r s❝❤❡♠❡ ❢♦r t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ■♥
❜♦t❤ ❝❛s❡s✱ ❢♦r ♣✉r❡❧② ❝❡♥tr❛❧ ❛♥❞ ♣✉r❡❧② ✉♣✇✐♥❞ ✢✉①❡s✱ t❤✐s ❣✐✈❡s✿
uˆn+1 − uˆn
k
= cAuˆn+1 + fn+1 ⇒ uˆn+1 = (I − kcA)−1︸ ︷︷ ︸
≡B
uˆn + kBfn+1,
✇❤❡r❡ fn+1 =
2c
h1
a(tn+1)
(
P0(−1), . . . , PNp−1(−1), 0, 0, . . . , 0
)T
❛♥❞ t❤❡ st❛rt✐♥❣ st❛t❡ uˆ0
✐s ❞❡t❡r♠✐♥✐♥❣ ❢r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥s✐❞❡ ❡❛❝❤ ❡❧❡♠❡♥t✳ ❆♥❞ ✈✐❝❡
❘❘ ♥➦ ✼✵✻✼
✹✽ ❉✳ P♦♥♦♠❛r❡✈
❋✐❣✳ ✻✿ ❉✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐① s♣❛rs✐t② ♣❛tt❡r♥ ❢♦r t❤❡ ❉● ♠❡t❤♦❞ ✉s✐♥❣ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧
✢✉①❡s
✈❡rs❛✱ ♦♥❝❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r ❢♦✉♥❞ ❛t ❞❡s✐r❡❞ t✐♠❡✱ t❤❡ s♦❧✉t✐♦♥ ✐♠♠❡❞✐❛t❡❧② ❢♦❧✲
❧♦✇s ❜② ❡①♣❛♥s✐♦♥ ✇✐t❤ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ✐♥s✐❞❡ ❡❛❝❤ ❡❧❡♠❡♥t✳
❖♥ ❋✐❣✳ ✼ ❛♥❞ ✽ t❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❜♦t❤ t②♣❡s ♦❢ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❝♦♥s✐❞❡r❡❞
❛♥❞ ❞✐✛❡r❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡r ❛♥❞ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥st❛♥t ♣❛r❛♠❡✲
t❡rs ✇❡r❡ ✉s❡❞✿ ❧❡♥❣t❤ ♦❢ ♣❤②s✐❝❛❧ ✭s♣❛t✐❛❧✮ ❞♦♠❛✐♥ L = 10✱ ✈❡❧♦❝✐t② c = 0.05✳
❆s ♦♥❡ ❝❛♥ ♥♦t✐❝❡✱ ❢♦r ❤✐❣❤❡r ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡r ✭Np = 4✮ t❤❡r❡ ✐s ♥♦ ✈✐s✐❜❧❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ✉s❡ ♦❢ ♣✉r❡❧② ✉♣✇✐♥❞ ♦r ♣✉r❡❧② ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ✭❤♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ♠❛② str♦♥❣❧② ❛✛❡❝t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✮✳ ❋♦r
❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ✭Np = 2✮ t❤✐s ❞✐✛❡r❡♥❝❡ ❜❡❝♦♠❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ♦❜✈✐♦✉s ✇✐t❤ ❣r♦✇t❤
♦❢ t✐♠❡ ❛s ❡rr♦r ✐♥❝r❡❛s❡s✱ ♥❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐s ❣♦♦❞ ❢r♦♠ ✐♥str✉❝t✐✈❡ ♣♦✐♥t ♦❢ ✈✐❡✇ t♦ r❡✈❡❛❧
❛♥❞ ✐❧❧✉str❛t❡ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ♥❛t✉r❡ ♦❢ t❤❡ ♠❡t❤♦❞✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✹✾
❋✐❣✳ ✼✿ ❙♦❧✉t✐♦♥ ♦❢ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✳
◆✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✿ K = 10✱ ♣♦✐♥ts ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✿ Np = 4
❘❘ ♥➦ ✼✵✻✼
✺✵ ❉✳ P♦♥♦♠❛r❡✈
❋✐❣✳ ✽✿ ❙♦❧✉t✐♦♥ ♦❢ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✳
◆✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✿ K = 20✱ ♣♦✐♥ts ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✿ Np = 2
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺✶
✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s
❙✐♥❝❡ t❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥
♣r♦❜❧❡♠✱ ✇❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✳
❚❤❡ ❢❛♠♦✉s ▼❛①✇❡❧❧✬s s❡t ♦❢ ❡q✉❛t✐♦♥s ✭✇r✐tt❡♥ ✐♥ ❊❧❡❝tr♦st❛t✐❝ ❈●❙ ✉♥✐ts s②st❡♠ ✐♥
♦r❞❡r t♦ ❤❛✈❡ s②♠♠❡tr② ❜❡t✇❡❡♥ ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❤✐❝❤ ✐♥ t❤✐s s②st❡♠ ❤❛✈❡
t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥✮ r❡❛❞s✿


∇ ·E = 4πρ,
∇ ·B = 0,
∇×E = −1
c
∂B
∂t
,
∇×B = 4π
c
J +
1
c
∂E
∂t
,
✭✺✽✮
✇❤❡r❡ E✱ B ❛r❡ ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❝♦rr❡s♣♦♥❞✐♥❣❧②✱ J ✐s ✈❡❝t♦r ♦❢ ❝✉rr❡♥t ❞❡♥s✐t②✱
c ✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ρ ✐s t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t②✳
❚❤✐s ✐♥❝♦r♣♦r❛t❡s ●❛✉ss✬ ❧❛✇s ❢♦r ❡❧❡❝tr✐❝❛❧ ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ●❛✉ss✲❈♦✉❧♦♠❜ ❧❛✇✮ ❛♥❞
♠❛❣♥❡t✐❝ ✜❡❧❞s ✭t❤❡ ✜rst t✇♦ ❡q✉❛t✐♦♥s✮✱ ❋❛r❛❞❛②✬s ❧❛✇ ♦❢ ✐♥❞✉❝t✐♦♥ ❛♥❞ ❆♠♣❡r❡✬s ❝✐r❝✉✐t❛❧
❧❛✇ ✇✐t❤ ▼❛①✇❡❧❧✬s ❝♦rr❡❝t✐♦♥ ✭♥❛♠❡❧②✱ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t✱ t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ♦❢ t❤❡ ❢♦✉rt❤ ❡q✉❛t✐♦♥✮✳
❍❡r❡ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ❞✐❡❧❡❝tr✐❝ ♣❡r♠❡❛❜✐❧✐t② ❛♥❞ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ❛r❡ ❜♦t❤
❡q✉❛❧ t♦ ✉♥✐t② ǫ = µ = 1 ✭t❤❛t ✐s✱ ♥♦ ♣♦❧❛r✐③❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐③❛t✐♦♥ ❡✛❡❝ts ♦❝❝✉r✮✱ ❛♥❞
♠♦r❡♦✈❡r ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ❢r❡❡ s♣❛❝❡✱
t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡✿
ρ = 0,
J = 0.
❘❘ ♥➦ ✼✵✻✼
✺✷ ❉✳ P♦♥♦♠❛r❡✈
❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✇❡ ❝♦♥s✐❞❡r ❥✉st t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
▲❡t ✉s s❡t✿
E = (0, 0, Ez(x, t)) ≡ (0, 0, E(x, t)),
B = (0, By(x, t), 0) ≡ (0, B(x, t), 0).
❚❤❡♥✿
∇×E = det


ex ey ez
∂
∂x
∂
∂y
∂
∂z
0 0 E

 = −
∂E
∂x
ey,
∇×B = det


ex ey ez
∂
∂x
∂
∂y
∂
∂z
0 B 0

 =
∂B
∂x
ez.
❙♦ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s ✐♥ ✭✺✽✮ ❣♦✈❡r♥✐♥❣ ❞②♥❛♠✐❝s ✭t❤❡ ✜rst t✇♦ ❛r❡ s❛t✐s✜❡❞ ❛✉t♦✲
♠❛t✐❝❛❧❧②✮ t❛❦❡ t❤❡ s❝❛❧❛r ❢♦r♠✿ 

∂E
∂t
= −c∂B
∂x
,
∂B
∂t
= −c∂E
∂x
,
✭✺✾✮
t❤❛t ✭❛❢t❡r s✉❜st✐t✉t✐♦♥ u = B, v = −E✮ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ ✭✶✺✮✱ t❤❡ ❡①❛♠♣❧❡ ❝♦♥s✐❞✲
❡r❡❞ ❜❡❢♦r❡✳ ❍♦✇❡✈❡r✱ ❤❡r❡ ✇❡ ❢♦❝✉s ♦♥ ✉s❡ ♦❢ ❤✐❣❤✲♦r❞❡r ♠❡t❤♦❞s✳
❋✐rst✱ ♣❡r❢♦r♠✐♥❣ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ❞❡♥♦t✐♥❣ ✐♥ ❣❡♥❡r❛❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♦♣❡r❛t♦rs ❛s AE ✱ AB ✭t❤❛t ♣❛rt✐❝✉❧❛r❧② ♠✐❣❤t ❝♦♠❡ ❢r♦♠ ❉● ♠❡t❤♦❞ ❛♥❞ ✇❤✐❝❤
♠❛② ♥♦t ❜❡ t❤❡ s❛♠❡ ❢♦r E ❛♥❞ B ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✱ ✇❡ ❛rr✐✈❡ ❛t✿
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺✸


dE
dt
= cABB,
dB
dt
= cAEE,
✭✻✵✮
✇❤❡r❡ ✇❡ ✇r✐t❡ E✱ B ❛s ✈❡❝t♦rs ✐♠♣❧②✐♥❣ t❤❡ ✈❡❝t♦rs ✇✐t❤ t❤❡ s♣❛t✐❛❧ ✈❛❧✉❡s ❛s t❤❡ ❝♦♠♣♦✲
♥❡♥ts✳
❆s ✇❡ s❤♦✇❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ✐♥ t❤❡ ✜rst ♣❛rt ✭✐♥ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❢✉❧❧ ❞✐s❝r❡t✐③❛t✐♦♥
✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✮✱ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ t❤❡ ▲❡❛♣✲❋r♦❣ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❡✛❡❝t✐✈❡❧② ❛♣♣❧✐❡❞
♦♥ ❛ st❛❣❣❡r❡❞ ❣r✐❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤✐s ✐♥ ❞❡t❛✐❧s✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ♣✉❜❧✐❝❛t✐♦♥s ✭❬✷✱ ✼❪✮✱ ❣❡♥❡r❛❧ st❛❣❣❡r❡❞ ▲❡❛♣✲❋r♦❣ ♠❡t❤♦❞s ❢♦r
t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ ❢♦✉rt❤ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ❛r❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡❞✳
❈♦♥s✐❞❡r ❛ s②st❡♠ ♦❢ ❖❉❊s✿


u′ = f(t, v),
v′ = g(t, u).
❙t❛❣❣❡r❡❞▲❋✷ r❡❛❞s✿


un+1 = un + kf(tn+1/2, v
n+1/2),
vn+3/2 = vn+1/2 + kg(tn+1, u
n+1).
❙t❛❣❣❡r❡❞▲❋✹ ✐s ❣✐✈❡♥ ❜②✿


un+1 = un +
22
24
α1 +
1
24
α3 +
1
24
α5,
vn+3/2 = vn+1/2 +
22
24
β1 +
1
24
β3 +
1
24
β5,
❘❘ ♥➦ ✼✵✻✼
✺✹ ❉✳ P♦♥♦♠❛r❡✈
✇❤❡r❡✿ 

α1 = kf(tn+1/2, v
n+1/2),
α2 = kg(tn, u
n),
α3 = kf(tn−1/2, v
n+1/2 − α2),
α4 = kg(tn+1, u
n + α1),
α5 = kf(tn+3/2, v
n+1/2 + α4),
❛♥❞✿ 

β1 = kg(tn+1, u
n+1),
β2 = kf(tn+1/2, v
n+1/2),
β3 = kg(tn, u
n+1 − β2),
β4 = kf(tn+3/2, v
n+1/2 + β1),
β5 = kg(tn+2, u
n+1 + β4).
❚❤❡ ❙t❛❣❣❡r❡❞▲❋✷ r✉❧❡ ❢♦r ♦✉r ❣❡♥❡r❛❧❧② ❞✐s❝r❡t✐③❡❞ ✐♥ s♣❛❝❡ ♣r♦❜❧❡♠ ✭✻✵✮ ✐s ❛s ❢♦❧❧♦✇✐♥❣✿


En+1 −En
k
= cABB
n+1/2,
Bn+3/2 −Bn+1/2
k
= cAEE
n+1.
✭✻✶✮
❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❤✐❣❤❡r✲♦r❞❡r ❛❝❝✉r❛❝② s❝❤❡♠❡ ❙t❛❣❣❡r❡❞▲❋✹✳
❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❙t❛❣❣❡r❡❞▲❋✹ t♦ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡ ②✐❡❧❞s✿


En+1 −En
k
=
(
AB +
1
24
c2k2ABAEAB
)
cBn+1/2,
Bn+3/2 −Bn+1/2
k
=
(
AE +
1
24
c2k2AEABAE
)
cEn+1.
✭✻✷✮
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺✺
❊①♣r❡ss✐♥❣ En+1 ❢r♦♠ t❤❡ ✜rst ❡①♣r❡ss✐♦♥ ✐♥ ✭✻✷✮ ❛♥❞ ♣❧✉❣❣✐♥❣ ✐♥t♦ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡
❤❛✈❡✿
En+1 = En + kc
(
AB +
1
24
k2c2ABAEAB
)
Bn+1/2,
Bn+3/2 = Bn+1/2 + kc
(
AE +
1
24
k2c2AEABAE
)
En+1 =
= kc
(
AE +
1
24
k2c2AEABAE
)
En+
+
(
I + k2c2
(
AE +
1
24
k2c2AEABAE
)(
AB +
1
24
k2c2ABAEAB
))
Bn+1/2.
❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠✿

 En+1
Bn+3/2

 =

 I S1
S2 I + S2S1


︸ ︷︷ ︸
≡C

 En
Bn+1/2

 , ✭✻✸✮
✇❤❡r❡ ✇❡ ❞❡♥♦t❡✿
S1 = kc
(
AB +
1
24
k2c2ABAEAB
)
, ✭✻✹✮
S2 = kc
(
AE +
1
24
k2c2AEABAE
)
. ✭✻✺✮
◆♦✇✱ ❣✐✈❡♥ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐❝❡s AE ✱ AB ✱ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐① C ❝❛♥ ❜❡ ❝♦♠✲
♣✉t❡❞ ✇✐t❤ ❤❡❧♣ ♦❢ ✭✻✹✮✱ ✭✻✺✮ ❛♥❞ ✭✻✸✮ ❛❧❧♦✇s t♦ ♣❡r❢♦r♠ ❡①♣❧✐❝✐t t✐♠❡ ✐♥t❡❣r❛t✐♦♥✱ ♣r♦✈✐❞✐♥❣
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳
P❛rt✐❝✉❧❛r ♣r♦❜❧❡♠✿ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ❜❡t✇❡❡♥ t✇♦ ♠❡t❛❧❧✐❝ ♣❧❛t❡s
◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❛♣♣❧② ❛❧❧ t❤❡ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❢♦r ✜♥❞✐♥❣ ❤✐❣❤✲♦r❞❡r s♦❧✉t✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❉● ♠❡t❤♦❞ ❢♦r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ t❤❡ ❙t❛❣❣❡r❡❞▲❋✹ s❝❤❡♠❡ ❢♦r
❘❘ ♥➦ ✼✵✻✼
✺✻ ❉✳ P♦♥♦♠❛r❡✈
✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡✳
P❛rt✐❝✉❧❛r ❝❛s❡ t❤❛t ✇❡ ❢♦❝✉s ♦♥ ✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ ✜❡❧❞ ❜❡t✇❡❡♥ ✷ ♣❧❛t❡s ♦❢ ♣❡r❢❡❝t ❝♦♥❞✉❝t✐♥❣ ♠❡t❛❧❧ t❤❛t ✐♠♣❧✐❡s ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡❧❡❝tr✐❝❛❧ ✜❡❧❞✿
E(0, t) = E(L, t) = 0. ✭✻✻✮
■♠♣♦s✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡r♠✐♥❡s ❜❡❤❛✈✐♦r ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ♠❛❣♥❡t✐❝
✜❡❧❞ ❞✉❡ t♦ ✈❛❧✐❞✐t② ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❝❧♦s❡ t♦ ❜♦✉♥❞❛r②✳ ■♥❞❡❡❞✱ t❛❦✐♥❣ t✐♠❡ ❞❡r✐✈❛t✐✈❡s
♦❢ ✭✻✻✮ ❛♥❞ ✉t✐❧✐③✐♥❣ ✭✺✾✮ ✇❡ ❛rr✐✈❡ ❛t
Bx(0, t) = Bx(L, t) = 0. ✭✻✼✮
❆s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ ✇❤❡♥ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ✇❛s r❡❞✉❝❡❞ t♦ ✭✶✻✮ ❛♥❞ ❛❧s♦
❞✐s❝✉ss❡❞ ❞✉r✐♥❣ ❙t❛❣❣❡r❡❞▲❡❛♣❋r♦❣✷ s❝❤❡♠❡ ❞❡♠♦♥str❛t✐♦♥ ✭❜♦t❤ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡
❝✉rr❡♥t ✇♦r❦✮✱ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✻✼✮ ❛r❡ r❡❞✉♥❞❛♥t ❢r♦♠ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ s✐♥❝❡
t❤❡② ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡r❡❜② ❛r❡ s❛t✐s✜❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✱ ❜✉t ✐♥ ♦✉r ❛♣♣r♦❛❝❤✱
✇❤❡♥ ❞✐s❝r❡t✐③❛t✐♦♥s ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛r❡ s❡q✉❡♥t✐❛❧✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ✇r✐t❡ t❤❡♠ ❞♦✇♥
s❡♣❛r❛t❡❧② ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♥❡❝❡ss❛r② ♣❛rts ♦❢ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♣❡r❛t♦rs AE ❛♥❞ AB
t❤❛t ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺✼
❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s ❛s ❢♦❧❧♦✇s✿


∂E
∂t
= −c∂B
∂x
, 0 < x < L, t > 0,
∂B
∂t
= −c∂E
∂x
, 0 < x < L, t > 0,
E(0, t) = E(L, t) = 0,
Bx(0, t) = Bx(L, t) = 0,
E(x, 0) = sin
(πx
L
)
,
B(x, 0) = 0,
✭✻✽✮
✇❤❡r❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ s✐♠♣❧② t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❣✉❡ss✿


E(x, t) = sin
(πx
L
)
cos
(
πct
L
)
,
B(x, t) = − cos
(πx
L
)
sin
(
πct
L
)
,
✭✻✾✮
❛❧❧♦✇✐♥❣ t♦ ❝♦♠♣❛r❡ r❡s✉❧ts ✇✐t❤✳
❲❡ st❛rt ❢r♦♠ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡ ❛♥❞ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❡①❛❝t❧② t❤❡ s❛♠❡ ❧✐♥❡ ❛s ✐♥ t❤❡
♣r❡✈✐♦✉s ♣❛rt✱ ✇❤❡♥ t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✧t♦② ♣r♦❜❧❡♠✑ ✇❛s ❝♦♥s✐❞❡r❡❞✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❉● ♠❡t❤♦❞✱ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥s ❛r❡ s♦✉❣❤t ✐♥s✐❞❡ ❡❛❝❤ ❡❧❡♠❡♥t
Dk = [xk1 , x
k
Np
] ✭k = 1, . . . , K✮✿
Ekh(x, t) =
Np∑
n=1
Eˆkn(t)ψ
k
n(x),
Bkh(x, t) =
Np∑
n=1
Bˆkn(t)ψ
k
n(x).
❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❢♦❧❧♦✇s✿
❘❘ ♥➦ ✼✵✻✼
✺✽ ❉✳ P♦♥♦♠❛r❡✈


Np∑
j=1
dEˆkj (t)
dt
∫
Dk
ψki (x)ψ
k
j (x)dx︸ ︷︷ ︸
≡Mkij
−
Np∑
j=1
cBˆkj (t)
∫
Dk
dψki (x)
dx
ψkj (x)dx︸ ︷︷ ︸
≡(Skij)
T
= [−c (B)⋆︸ ︷︷ ︸
≡f⋆
B
ψki (x)]|
xkNp
xk1
,
Np∑
j=1
dBˆkj (t)
dt
Mkij −
Np∑
j=1
cEˆkj (t)
(
Skij
)T
= [−c (E)⋆︸ ︷︷ ︸
≡f⋆
E
ψki (x)]|
xkNp
xk1
.
❆s ✐♥ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❉● ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ t❤❛t
✇❛s ❣✐✈❡♥ ❜❡❢♦r❡✱ ✇❡ ❝❤♦♦s❡ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❛s ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ r❡✇r✐t❡ t❤❡ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥ ✭✇❡ ♦♠✐t s♦♠❡ ❞❡t❛✐❧s ❛♥❞ ❡①♣❧❛♥❛t✐♦♥s ❛✈♦✐❞✐♥❣ r❡♣❡t✐t✐♦♥ ♦❢ ✇❤❛t ❤❛s ❛❧r❡❛❞②
❜❡❡♥ s❛✐❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ♦❢ t❤❡ ✇♦r❦✮✿


hk
2
dEˆki (t)
dt
−
Np∑
j=1
cBˆkj (t) (Sij)
T
= [−f⋆Bψki (x)]|
xkNp
xk1
,
hk
2
dBˆki (t)
dt
−
Np∑
j=1
cEˆkj (t) (Sij)
T
= [−f⋆Eψki (x)]|
xkNp
xk1
.
◆♦✇ ✇❡ ❝♦♠❡ t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❞♦♠❛✐♥ ❤❛✈❡
t♦ ❜❡ ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❋♦r ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ✇❡ ❤❛✈❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤♦s❡ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✿ f⋆E |x11 = f⋆E |xKNp = 0✳
❚❤❡ ❝♦♥❞✐t✐♦♥ f⋆E |x11 = 0 ❝❛♥ ❜❡ ❧♦♦❦❡❞ ❛t ❛s ③❡r♦✐♥❣ t❤❡ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉① ❜❡t✇❡❡♥
t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ♦❢ t❤❡ ❧❡❢t♠♦st ❡❧❡♠❡♥t ✭k = 1✮ ❣✐✈✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ cE1h(x
1
1) ❛♥❞ t❤❡ r✐❣❤t
❜♦✉♥❞❛r② ♦❢ s♦♠❡ ✧❣❤♦st✑ ❡❧❡♠❡♥t t♦ t❤❡ ❧❡❢t ♦❢ ✐t ❜r✐♥❣✐♥❣ ✈❛❧✉❡ −cE1h(x11)✳ ❆❜s♦❧✉t❡❧② t❤❡
s❛♠❡ t❤✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❛tt❛❝❤✐♥❣ ❛rt✐✜❝✐❛❧ ❡❧❡♠❡♥t t♦ t❤❡ r✐❣❤t♠♦st ❡❧❡♠❡♥t ✭k = K✮
❛♥❞ ❧♦♦❦ ❛t t❤❡ ❝♦♥❞✐t✐♦♥ f⋆E |xKNp = 0 ❛s t❤❡ r❡s✉❧t ♦❢ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉① ❛♣♣r♦①✐♠❛t✐♦♥
❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✐❧❧✉st❛t❡❞ ♦♥ ❋✐❣✳ ✾✳
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✺✾
❋✐❣✳ ✾✿ ■♠♣♦s✐♥❣ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❉● ♠❡t❤♦❞
❋✐❣✳ ✶✵✿ ■♠♣♦s✐♥❣ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❉● ♠❡t❤♦❞
■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
❝❛♥ ❜❡ tr❡❛t❡❞✳ ❆❣❛✐♥✱ ❡♠♣❧♦②✐♥❣ ✧❣❤♦st ❡❧❡♠❡♥t✑ ♣r✐♥❝✐♣❧❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❝♦♥❞✐t✐♦♥
∂B
∂x
= 0✱ s❛②✱ ♦♥ t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❛s ❡q✉❛❧✐t② ♦❢ cB1h(x
1
1) t♦ ❡①❛❝t❧② t❤❡ s❛♠❡
✈❛❧✉❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✧❣❤♦st✑ ❡❧❡♠❡♥t ♣❧❛❝❡❞ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♦♥❡ ✭k = 1✮✱
t❤❡♥ ✉s✐♥❣ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉① ②✐❡❧❞s f⋆B |x11 =
1
2
(
cB1h(x
1
1) + cB
1
h(x
1
1)
)
= cB1h( x
1
1︸︷︷︸
=0
)✳ ❚❤❡
s❛♠❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ r✐❣❤t ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ t❤✐s ❧❡❛❞s t♦ t❤❡
❛♥❛❧♦❣♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ f⋆B |xKNp = cB
K
h ( x
K
Np︸︷︷︸
=L
)✳
◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts✳
❲❡ ✜rst❧② st❛rt ✇✐t❤ ❝❤♦♦s✐♥❣ t❤❡ ♣✉r❡❧② ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❢♦r t❤✐s ♣✉r♣♦s❡✳
❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❛❧❧ t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❡❧❡♠❡♥ts ❣✐✈❡s✿
❘❘ ♥➦ ✼✵✻✼
✻✵ ❉✳ P♦♥♦♠❛r❡✈
dEˆ1i (t)
dt
= − c
h1
Np∑
j=1
[(
−2Sji + ψ1i (x1Np)ψ1j (x1Np)− 2ψ1i (x11)ψ1j (x11)
)
Bˆ1j (t)+
+ψ1i (x
1
Np)ψ
2
j (x
1
Np)Bˆ
2
j (t)
]
,
dBˆ1i (t)
dt
= − c
h1
Np∑
j=1
[(
−2Sji + ψ1i (x1Np)ψ1j (x1Np)
)
Eˆ1j (t) + ψ
1
i (x
1
Np)ψ
2
j (x
1
Np)Eˆ
2
j (t)
]
,
dEˆki (t)
dt
= − c
hk
Np∑
j=1
[(
−2Sji + ψki (xkNp)ψkj (xkNp)− ψki (xk1)ψkj (xk1)
)
Bˆkj (t) +
+ ψki (x
k
Np)ψ
k+1
j (x
k
Np)Bˆ
k+1
j (t)− ψki (xk1)ψk−1j (xk1)Bˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dBˆki (t)
dt
= − c
hk
Np∑
j=1
[(
−2Sji + ψki (xkNp)ψkj (xkNp)− ψki (xk1)ψkj (xk1)
)
Eˆkj (t) +
+ ψki (x
k
Np)ψ
k+1
j (x
k
Np)Eˆ
k+1
j (t)− ψki (xk1)ψk−1j (xk1)Eˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dEˆKi (t)
dt
= − c
hK
Np∑
j=1
[(
−2Sji + 2ψKi (xKNp)ψKj (xKNp)− ψKi (xK1 )ψKj (xK1 )
)
BˆKj (t) −
− ψKi (xK1 )ψK−1j (xK1 )BˆK−1j (t)
]
,
dBˆKi (t)
dt
= − c
hK
Np∑
j=1
[(−2Sji − ψKi (xK1 )ψKj (xK1 )) EˆKj (t) − ψKi (xK1 )ψK−1j (xK1 )EˆK−1j (t)] .
❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r♠ ✭s♦ t❤❛t ❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts
❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥❞❡①✮✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s✿
dEˆ1i (t)
dt
= − c
h1
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)− 2Pi−1(−1)Pj−1(−1)) Bˆ1j (t) +
+ Pi−1(1)Pj−1(−1)Bˆ2j (t)
]
,
dBˆ1i (t)
dt
= − c
h1
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)) Eˆ1j (t) + Pi−1(1)Pj−1(−1)Eˆ2j (t)
]
,
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✻✶
dEˆki (t)
dt
= − c
hk
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) Bˆkj (t) +
+ Pi−1(1)Pj−1(−1)Bˆk+1j (t)− Pi−1(−1)Pj−1(1)Bˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dBˆki (t)
dt
= − c
hk
Np∑
j=1
[
(−2Sji + Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) Eˆkj (t) +
+ Pi−1(1)Pj−1(−1)Eˆk+1j (t)− Pi−1(−1)Pj−1(1)Eˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dEˆKi (t)
dt
= − c
hK
Np∑
j=1
[
(−2Sji + 2Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) BˆKj (t)−
− Pi−1(−1)Pj−1(1)BˆK−1j (t)
]
,
dBˆKi (t)
dt
= − c
hK
Np∑
j=1
[
(−2Sji − Pi−1(−1)Pj−1(−1)) EˆKj (t) − Pi−1(−1)Pj−1(1)EˆK−1j (t)
]
.
❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❝❛s❡ ✇❤❡♥ t❤❡ ♣✉r❡❧② ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❛r❡ ✉s❡❞ ❛t ❛❧❧ t❤❡ ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s✳
❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ②✐❡❧❞s✿
dEˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(
−Sji + ψ1i (x1Np)ψ1j (x1Np)− ψ1i (x11)ψ1j (x11)
)
Bˆ1j (t) ✱
dBˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(
−Sji + ψ1i (x1Np)ψ1j (x1Np)
)
Eˆ1j (t) ✱
dEˆki (t)
dt
= − 2c
hk
Np∑
j=1
[(
−Sji + ψki (xkNp)ψkj (xkNp)
)
Bˆkj (t) − ψki (xk1)ψk−1j (xk1)Bˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
❘❘ ♥➦ ✼✵✻✼
✻✷ ❉✳ P♦♥♦♠❛r❡✈
dBˆki (t)
dt
= − 2c
hk
Np∑
j=1
[(
−Sji + ψki (xkNp)ψkj (xkNp)
)
Eˆkj (t) − ψki (xk1)ψk−1j (xk1)Eˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dEˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[(
−Sji + ψKi (xKNp)ψKj (xKNp)
)
BˆKj (t) − ψKi (xK1 )ψK−1j (xK1 )BˆK−1j (t)
]
✱
dBˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[
−SjiEˆKj (t) − ψKi (xK1 )ψK−1j (xK1 )EˆK−1j (t)
]
✳
❘❡✇r✐t✐♥❣ t❤❡ s❛♠❡ ✐♥ t❡r♠s ♦❢ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s✿
dEˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(−Sji + Pi−1(1)Pj−1(1)− Pi−1(−1)Pj−1(−1)) Bˆ1j (t) ✱
dBˆ1i (t)
dt
= − 2c
h1
Np∑
j=1
(−Sji + Pi−1(1)Pj−1(1)) Eˆ1j (t) ✱
dEˆki (t)
dt
= − 2c
hk
Np∑
j=1
[
(−Sji + Pi−1(1)Pj−1(1)) Bˆkj (t) − Pi−1(−1)Pj−1(1)Bˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dBˆki (t)
dt
= − 2c
hk
Np∑
j=1
[
(−Sji + Pi−1(1)Pj−1(1)) Eˆkj (t) − Pi−1(−1)Pj−1(1)Eˆk−1j (t)
]
,
2 ≤ k ≤ K − 1,
dEˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[
(−Sji + Pi−1(1)Pj−1(1)) BˆKj (t) − Pi−1(−1)Pj−1(1)BˆK−1j (t)
]
✱
dBˆKi (t)
dt
= − 2c
hK
Np∑
j=1
[
−SjiEˆKj (t) − Pi−1(−1)Pj−1(1)EˆK−1j (t)
]
✳
❚❤✐s ❛❧❧♦✇s t♦ ❢♦r♠ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐❝❡s AE ❛♥❞ AB ✭✇❤✐❝❤ ❛❧s♦ ✐♥❝♦r♣♦r❛t❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✮ ❢♦r t❤❡ ❜♦t❤ ❝❛s❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✻✸
✢✉① ❝❤♦✐❝❡✱ ❛♥❞ ♦♥❝❡ ✐t ✐s ❞♦♥❡✱ t❤❡ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ t❤❡ s❡t ♦❢ ❖❉❊ ♣r♦❜❧❡♠s✿


dEˆ
dt
= cABBˆ,
dBˆ
dt
= cAEEˆ,
✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡s Eˆ(0), Bˆ(0) ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ❜❛s✐s ❡①♣❛♥s✐♦♥s
♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✻✽✮✳
◆❡①t✱ ✇❡ ♣r♦❝❡❡❞ t♦ ♣❡r❢♦r♠ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ❛♣♣❧②✐♥❣ ❙t❛❣❣❡r❡❞▲❋✹ s❝❤❡♠❡ ❛❝❝♦r❞✐♥❣
t♦ ✭✻✸✮✲✭✻✺✮✿

 Eˆn+1
Bˆn+3/2

 =

 I S1
S2 I + S2S1



 Eˆn
Bˆn+1/2

 ,
✇❤❡r❡ ✇❡ ❞❡♥♦t❡ S1 = kc
(
AB +
1
24
k2c2ABAEAB
)
, S2 = kc
(
AE +
1
24k
2c2AEABAE
)
✳
❋✐♥❛❧❧②✱ ✇❡ ✉t✐❧✐③❡ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ❜❛s✐s ❡①♣❛♥s✐♦♥s ❛❣❛✐♥ t♦ ♣❛ss ❢r♦♠ t❤❡ ❝♦❡✣✲
❝✐❡♥ts Eˆ, Bˆ t♦ t❤❡ r❡❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ✜❡❧❞s E, B ✐♥ s♣❛❝❡ ❛t t❤❡ ✜♥❛❧ t✐♠❡ ♦❢ ✐♥t❡❣r❛t✐♦♥✳
❋✐❣✳ ✶✶✲✶✹ s❤♦✇ r❡s✉❧ts ❢♦r ❜♦t❤ ❝❤♦✐❝❡s ♦❢ ♥✉♠❡r✐❝❛❧ ✢✉① ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡
t✐♠❡ st❡♣ ✭t❤❛t ✐s s❡❡♥ ♦♥ t❤❡ ♣❧♦ts ❜② ✈❛r②✐♥❣ t♦t❛❧ t✐♠❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ T ❦❡❡♣✐♥❣ t❤❡ s❛♠❡
♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s✮✿ r❡❣✉❧❛r ❛♥❞ ❝r✐t✐❝❛❧ ✭✐✳❡✳ t❤❡ t✐♠❡ st❡♣ s✐③❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
st❛❜✐❧✐t② r❡❣✐♦♥ ❜♦r❞❡r ✲ ✇❤❡♥ ✐♥st❛❜✐❧✐t② ❥✉st st❛rts t♦ ♦❝❝✉r✮ ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs
✇❡r❡ ✉s❡❞✿ ❧❡♥❣t❤ ♦❢ ♣❤②s✐❝❛❧ ✭s♣❛t✐❛❧✮ ❞♦♠❛✐♥ L = 10✱ t❤❡ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ s♣❡❡❞ c = 0.9✱
♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts K = 10✱ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t Np = 4✱ ♥✉♠❜❡r ♦❢ t✐♠❡
st❡♣s M = 20✳
❘❘ ♥➦ ✼✵✻✼
✻✹ ❉✳ P♦♥♦♠❛r❡✈
❋✐❣✳ ✶✶✿ ❙♦❧✉t✐♦♥ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❛♥❞ t❤❡ t✐♠❡ st❡♣ s✉❝❤ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s✉r❡❧② ❢✉❧✜❧❧❡❞ ✭♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
t♦t❛❧❧② ✜ts ❛♥❛❧②t✐❝❛❧✮
❋✐❣✳ ✶✷✿ ❙♦❧✉t✐♦♥ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❛♥❞ t❤❡ t✐♠❡ st❡♣ s✉❝❤ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ st❛rts ❜❡✐♥❣ ✈✐♦❧❛t❡❞
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✻✺
❋✐❣✳ ✶✸✿ ❙♦❧✉t✐♦♥ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❛♥❞ t❤❡ t✐♠❡ st❡♣ s✉❝❤ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s✉r❡❧② ❢✉❧✜❧❧❡❞ ✭♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
t♦t❛❧❧② ✜ts ❛♥❛❧②t✐❝❛❧✮
❋✐❣✳ ✶✹✿ ❙♦❧✉t✐♦♥ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ❉● ♠❡t❤♦❞ ✇✐t❤ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❛♥❞ t❤❡ t✐♠❡ st❡♣ s✉❝❤ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ st❛rts ❜❡✐♥❣ ✈✐♦❧❛t❡❞
❘❘ ♥➦ ✼✵✻✼
✻✻ ❉✳ P♦♥♦♠❛r❡✈
✺ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ✜♥❛❧ r❡♠❛r❦s
■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ♦✈❡r✈✐❡✇ ♦❢ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✱ ❣❡♥❡r❛❧ ♥♦t✐♦♥s ❛♥❞ ❡ss❡♥t✐❛❧
♣r♦♣❡rt✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✇❡r❡ ♣❡❞❛❣♦❣✐❝❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛♥❞ ❛❝❝❡♥t ✇❛s ♠❛❞❡ ♦♥
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ t♦ ❞♦ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✜rst ❛♥❞ t❤❡♥
❡♠♣❧♦② t❤❡ ❙t❛❣❣❡r❡❞▲❡❛♣❋r♦❣✹ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ t♦ ♣❡r❢♦r♠ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ♦❢
❛ ❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠✱ ♥❛♠❡❧② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠ ✇❛s ❝♦✈❡r❡❞✳
❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s ❞✉❡ t♦ ✭✺✸✮ ❛❧❧♦✇ t♦ ❛❝❤✐❡✈❡ ❛♥② ❞❡s✐r❡❞ ❤✐❣❤ ♦r❞❡r ❛❝✲
❝✉r❛❝② ✐♥ s♣❛❝❡ ❜② r❡✜♥✐♥❣ ♠❡s❤ ♦r ✐♥❝r❡❛s✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡r ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✱ ✇❤❡r❡❛s
t❤❡ ❙t❛❣❣❡r❡❞▲❋✹ s❝❤❡♠❡ ❣✐✈❡s t❤❡ ❢♦✉rt❤ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ✐♥ t✐♠❡✳ ❚❤❡ ❧❛tt❡r✱ ❜❡✐♥❣ ❛♥
❡①♣❧✐❝✐t s❝❤❡♠❡ ❤❛s ❧✐♠✐t❛t✐♦♥s ❞✐❝t❛t❡❞ ❜② t❤❡ st❛❜✐❧✐t② r❡str✐❝t✐♦♥s✳
■t ❤❛♣♣❡♥❡❞ t♦ ❜❡ ♥♦t ❢❡❛s✐❜❧❡ t♦ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❜② ♠❡❛♥s ♦❢ ✜♥❞✐♥❣
s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ ✇❤♦❧❡ ❉●✲❙t❛❣❣❡r❡❞▲❋✹ ♠❡t❤♦❞✳ ❈♦♠♣❧✐❝❛✲
t✐♦♥ ✐s r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛tr✐① C ✐♥ ✭✻✸✮ t✉r♥s ♦✉t t♦ ❜❡ ❡①tr❡♠❡❧②
❝❧♦s❡ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ✭t❤❛t ✐s ♥♦ ✇♦♥❞❡r ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❢♦r q✉✐t❡ ✜♥❡ s♣❛t✐❛❧
❣r✐❞ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ ❛ ❞✐❛❣♦♥❛❧❧② ❞♦♠✐♥❛t❡❞ ♠❛tr✐① ✇✐t❤ ✈❛❧✉❡s ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❝❧♦s❡ t♦
✉♥✐t✐❡s✮✳
❚❤❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ✇❛s ❝♦♥s✐❞❡r❡❞ t♦ ❛♣♣❧② t❤❡ ❞✐s❝✉ss❡❞ ♠❡t❤♦❞
❛♥❞ st✉❞② st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ♦♥ ✐♥t❡r♥❛❧ ❜♦✉♥❞✲
❛r✐❡s ❜❡t✇❡❡♥ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts✳ ❈❤♦✐❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✱ t❤❛t ✐s ❛♥ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥t
♦❢ t❤❡ ❉● ♠❡t❤♦❞✱ ❛s ✐t ✇❛s ❞❡♠♦♥str❛t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❞♦❡s ♥♦t ❤❛✈❡
str♦♥❣ ✐♠♣❛❝t ♦♥ t❤❡ s♦❧✉t✐♦♥ ✇❤❡♥ ❤✐❣❤✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ✉s❡❞✱ ❤♦✇❡✈❡r✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❡①❛♠♣❧❡ ❣✐✈✐♥❣ ✐♥ t❤❡ t❤✐r❞ ♣❛rt✱ ❛ ♥✉♠❡r✐❝❛❧ ✢✉① ♠✐❣❤t ❛✛❡❝t st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✻✼
♦❢ t❤❡ ♠❡t❤♦❞✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ t✇♦ t②♣✐❝❛❧ ❝❤♦✐❝❡s ♦❢ t❤❡ ❧✐♥❡❛r ♥✉♠❡r✐❝❛❧ ✢✉① ✇❡r❡
❝♦♥s✐❞❡r❡❞ ✲ ♣✉r❡❧② ✉♣✇✐♥❞ ❛♥❞ ♣✉r❡❧② ❝❡♥tr❛❧✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛♥❞ ♣❧♦tt❡❞ ❛t t❤❡ ❡♥❞
♦❢ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ❛❧❧♦✇ ✉s t♦ ❞r❛✇ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❢♦r ♠♦❞❛❧ ❛♣♣r♦❛❝❤ ✉t✐❧✐③✐♥❣ ▲❡❣❡♥❞r❡
♣♦❧②♥♦♠✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❜② t❤❡ ❉● ♠❡t❤♦❞ ✉s❡ ♦❢ t❤❡ ♣✉r❡❧②
❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ✐s ♠✉❝❤ ♠♦r❡ ♣r❡❢❡r❛❜❧❡ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣✉r❡❧② ✉♣✇✐♥❞ ❞✉❡ t♦
❧❡ss str✐❝t ❧✐♠✐t❛t✐♦♥ ♦♥ t✐♠❡ st❡♣ s✐③❡ ❞✐❝t❛t❡❞ ❜② t❤❡ st❛❜✐❧✐t② ✐ss✉❡✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ♦♥
t❤♦s❡ ♣❧♦ts ✇❤❡r❡ ✐♥st❛❜✐❧✐t② st❛rts t♦ ♦❝❝✉r✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ♣❧♦tt❡❞ ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s
♦❢ t♦t❛❧ t✐♠❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✭t❤❛t ✐s ❞✐✛❡r❡♥t ♠❛①✐♠❛❧ ✈❛❧✉❡s ♦❢ t✐♠❡ st❡♣s ♣r♦✈✐❞✐♥❣ t❤❡ t♦✲
t❛❧ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ✐s ✜①❡❞✮ ❢♦r t❤❡ ♣✉r❡❧② ✉♣✇✐♥❞ ❛♥❞ ♣✉r❡❧② ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
❝❛s❡s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣✉r❡❧② ❝❡♥tr❛❧ ♥✉♠❡r✐❝❛❧ ✢✉① ❣✐✈❡s ❛♥ ♦♣♣♦rt✉♥✐t②
t♦ ✉s❡ ❛♣♣r♦①✐♠❛t❡❧② ♠♦r❡ t❤❛♥ ✶✺ t✐♠❡s ❣r❡❛t❡r t✐♠❡ st❡♣ ❜❡✐♥❣ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣✉r❡❧②
✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉① ❝❛s❡✳
■t st✐❧❧ ♥❡❡❞s t♦ ❜❡ ✈❡r✐✜❡❞ ✐❢ t❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ❢♦r t❤❡ ♠♦r❡ ❝♦♠♠♦♥❧② ❝❤♦s❡♥ ♥♦❞❛❧
❛♣♣r♦❛❝❤✱ t❤❛t ✐s ✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥ ♣♦❧②♥♦♠✐❛❧ ❜❛s✐s ❢♦r s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥s✐❞❡ ❛♥
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%% StaggeredLF2 scheme demonstration by Dmitry Ponomarev (22/07/2009).
 
 
% Define space and time intervals and velocity
L=10;
T=10;
c=1.5;
 
 
 
% Define uniform space and time grid
 
N=49; % 50 space intervals
M=99; % 100 time intervals
 
k=T/(M+1);
h=L/(N+1);
 
x=zeros(N+2);
t=zeros(M+2);
 
x=0:h:L;
t=0:k:T;
 
 
% Here, k=0.1, h=0.2, c=1.5
% CFL condition k <= h/c is satisfied (1 < 4/3), thus we have stability
 
 
% Define desired time values to plot the solution at
times=[0, 0.01*T, 0.03*T, 0.05*T, 0.07*T, 0.1*T, 0.3*T, 0.5*T, 0.7*T, T];
 
 
% Initialization of variables
y=zeros(1,N+2);
y_ex=zeros(1,N+2);
u=zeros(M+2,N+2);
v=zeros(M+2,N+2);
%u_ex=zeros(1,N+2);
%v_ex=zeros(1,N+2);
 
 
% Initial conditions
u(1,:)=pi*c/L*cos(pi*(x+h/2)/L);
v(1,:)=zeros(1,N+2);
 
% Boundary conditions on v
v(:,1)=zeros(1,M+2);
v(:,(N+2))=zeros(1,M+2);
 
% Computation in time
 
% Time loop
for n=1:(M+1)
    
    % Computation in space
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    % Separated calculation utilizing boundary condition
    u(n+1,1)=u(n,1)+k*c/h*v(n,2);
    
    % Space loop
    for j=2:(N+1)
        u(n+1,j)=u(n,j)+k*c/h*(v(n,j+1)-v(n,j));        
        v(n+1,j)=v(n,j)+k*c/h*(u(n,j)-u(n,j-1)+k*c/h*(v(n,j+1)-2*v(n,j)+v(n,j-1)));
    end
    
    % Separated calculation utilizing boundary condition
    u(n+1,N+2)=u(n+1,N+1);
    
end
 
% Solutions for the auxilary variables u and v may be verified
%  syms t_;
% 
%  % Exact solutions for u and v
%  u_ex=pi*c/(2*L)*(cos(pi/L*(x+h/2-c*t_))+cos(pi/L*(x+h/2+c*t_)));
%  v_ex=pi/(2*L)*(-cos(pi/L*(x-c*(t_+k/2)))+cos(pi/L*(x+c*(t_+k/2))));
% 
%  for i=1:length(times)
%      t_=times(i);
%      
%      figure
%      plot(x,eval(u_ex),'-b', x,u(1+round((M+1)*t_/T),:),'-.r');
%      legend('Exact solution', 'StaggeredLF2');
%      title(['Plot for u at t=',num2str(t_)]);
%      grid on;
%      
%      figure
%      plot(x,eval(v_ex),'-b', x,v(1+round((M+1)*t_/T),:),'-.r');
%      legend('Exact solution', 'StaggeredLF2');
%      title(['Plot for v at t=',num2str(t_)]);
%      grid on;
%  end
 
 
% Verification of the solution for y
 
syms t_;
% Exact solition for y
y_ex=0.5*(sin(pi/L*(x-c*t_))+sin(pi/L*(x+c*t_)));
  
 for i=1:length(times)
    t_=times(i);
    
% Boundary condition on y
    y(1)=0;
 
% Integrating u/c over space to get y
    for j=2:(N+2)
       y(j)=y(j-1)+h/c*u(1+round((M+1)*t_/T),j-1);
    end
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% % Alternatively, to recover y, we can integrate v in time
%     for j=2:(N+2)
%        y(j)=sin(pi*x(j)/L)+k*sum(v(1:round(1+(M+1)*t_/T),j));
%     end
 
    figure
    plot(x,eval(y_ex),'-b', x,y,'-.r');
    title(['Solution of the wave equation at t=',num2str(t_)])
    legend('Exact solution', 'StaggeredLF2');
    grid on
 end
 
 
 
■◆❘■❆
❖♥ ❤✐❣❤✲♦r❞❡r ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❉● ♠❡t❤♦❞ ✼✸
22.07.09 23:44 D:\MATLAB\DG_adv_cflux_BE.m 1 of 4
%% Advection equation DG-BackwardEuler solver by Dmitry Ponomarev (22/07/2009).
 
% We use Legendre basis functions and as internal numerical fluxes we take
% purely central fluxes. 
 
 
K=20; % number of elements = space intervals
Np=2; % number of points inside an element = interpolation order + 1
 
L=10; % spatial interval
c=0.05; % velocity
h=L/K; % size of an element
 
 
% Initialization
 
M=2; % number of time points
T=10; % total time of integration
 
dt=T/(M-1); % time step size
t=0:dt:T; % time discretization
 
X=0:h:L; % spatial interval partitioning into elements
x=zeros(K,Np); % grid matrix; first index stands for an element number, second for a 
point inside it
 
 
u=zeros(M,K*Np); % solution vector
u_=zeros(M,K*Np); % vector of expansion coefficients
 
S_=zeros(Np,Np); % stiffness matrix
 
A=zeros(K*Np,K*Np); % discretization matrix
B=zeros(K*Np,K*Np); % amplification matrix
lmbds_A=zeros(1,K*Np); % spectrum of A
lmbds_B=zeros(1,K*Np); % spectrum of B
 
I=eye(K*Np,K*Np); % auxiliary identity matrix
 
% Initial condition
syms x_;
b=sin(x_);
 
% Boundary condition (on the left boundary)
a=-sin(c*t);
 
 
% Generating grid
 
for k=1:K
    for l=1:Np
        x(k,l)=X(k)+h*(l-1)/(Np-1);
    end
end
 
% Transforming initial condition into expansion coefficient vector
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syms x_;
for k=1:K
    for l=1:Np
        j=(k-1)*Np+l;
        u_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*b,x_,x(k,1),x
(k,Np));
    end
end
 
 
% Computing the stiffness matrix
 
k=1; % take arbitrary element, since it is the same for all elements
for i=1:Np
    for j=1:Np        
       tmp=diff(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,i-1),x_);
       S_(i,j)=int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,j-1)*tmp,x_,x(k,1),x(k,
Np));
    end
end
 
 
% Applying the DG method to obtain spatial discretization matrix A
 
for i=1:K*Np
    for j=1:K*Np
        if (mod(i,Np)~=0) i_=mod(i,Np); else i_=Np; end
        if (mod(j,Np)~=0) j_=mod(j,Np); else j_=Np; end
        if ((i<=Np) && (j<=Np)) 
% k=1; % the first element (left boundary)
% Since boundary condition is not homogeneous, it doesn't contribute to the matrix
            A(i,j)=-2*S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A(i,j+Np)=legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);
        elseif ((i>(K-1)*Np) && (j>(K-1)*Np))
% k=K; % the last element (right boundary)
% Since c is positive, no boundary conditions condition can be imposed
% here: the value here is completely defined by the equation
            A(i,j)=-2*S_(i_,j_)+2*legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-
1);
            A(i,j)=A(i,j)-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-1);
            A(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);           
        elseif ((j>Np) && (floor((j-1)/Np)==floor((i-1)/Np)) && (j<=(K-1)*Np))
% k=1+floor((j-1)/Np); % all internal elements     
            A(i,j)=-2*S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A(i,j)=A(i,j)-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-1);
            A(i,j+Np)=legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);
            A(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);
        end        
    end
end
 
A=-1/h*A;
 
 
% Computing amplification matrix
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B=inv(I-c*dt*A);
 
 
% Computing contribution from (left) boundary condition and integrating
% altogether using BackwardEuler scheme
 
f=zeros(1,K*Np);
 
for m=1:(M-1)
    
    for i=1:Np
        f(i)=2/h*c*a(m+1)*legendre_norm_symb(-1,i-1);
    end
 
    u_(m+1,:)=B*u_(m,:)'+dt*B*f';
 
    m % displays current time step to track status and estimate computational time
 
end
 
% Recover solution from its expansion coefficient vector
 
for m=1:M
    u(m,:)=zeros(1,K*Np);
    for k=1:K
        for l=1:Np
            j=(k-1)*Np+l;
            for i=1:Np
                u(m,j)=u(m,j)+u_(m,(k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x(k,
Np))/h,i-1);
            end
        end
    end
 
end
 
 
% Plotting solution
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),u(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),sin(x(k,:)-c*t(M)), '-b');
    legend('Computed', 'Analytical', 'Location', 'SouthEast');
%    legend('Computed', 'Analytical');
 
end
title(['Solution at T=', num2str(T), ' with central num. fluxes']);
 
 
% Stability checks 
 
lmbds_A=eig(A);
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lmbds_B=eig(B);
 
max(real(lmbds_A)) % maximal real eigenvalue of discretization matrix
max(abs(lmbds_B)) % spectral radius of amplification matrix
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%% Advection equation DG-BackwardEuler solver by Dmitry Ponomarev (22/07/2009).
 
% We use Legendre basis functions and as internal numerical fluxes we take
% purely upwind fluxes. 
 
 
K=10; % number of elements = space intervals
Np=4; % number of points inside an element = interpolation order + 1
 
L=10; % spatial interval
c=0.05; % velocity
h=L/K; % size of an element
 
 
% Initialization
 
M=2; % number of time points
T=10; % total time of integration
 
dt=T/(M-1); % time step size
t=0:dt:T; % time discretization
 
X=0:h:L; % spatial interval partitioning into elements
x=zeros(K,Np); % grid matrix; first index stands for an element number, second for a 
point inside it
 
 
u=zeros(M,K*Np); % solution vector
u_=zeros(M,K*Np); % vector of expansion coefficients
 
S_=zeros(Np,Np); % stiffness matrix
 
A=zeros(K*Np,K*Np); % discretization matrix
B=zeros(K*Np,K*Np); % amplification matrix
lmbds_A=zeros(1,K*Np); % spectrum of A
lmbds_B=zeros(1,K*Np); % spectrum of B
 
I=eye(K*Np,K*Np); % auxiliary identity matrix
 
% Initial condition
syms x_;
b=sin(x_);
 
% Boundary condition (on the left boundary)
a=-sin(c*t);
 
 
% Generating grid
 
for k=1:K
    for l=1:Np
        x(k,l)=X(k)+h*(l-1)/(Np-1);
    end
end
 
% Transforming initial condition into expansion coefficient vector
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syms x_;
for k=1:K
    for l=1:Np
        j=(k-1)*Np+l;
        u_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*b,x_,x(k,1),x
(k,Np));
    end
end
 
 
% Computing the stiffness matrix
 
k=1; % take arbitrary element, since it is the same for all elements
for i=1:Np
    for j=1:Np        
       tmp=diff(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,i-1),x_);
       S_(i,j)=int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,j-1)*tmp,x_,x(k,1),x(k,
Np));
    end
end
 
 
% Applying the DG method to obtain spatial discretization matrix A
 
for i=1:K*Np
    for j=1:K*Np
        if (mod(i,Np)~=0) i_=mod(i,Np); else i_=Np; end
        if (mod(j,Np)~=0) j_=mod(j,Np); else j_=Np; end
        if ((i<=Np) && (j<=Np)) 
% k=1; % the first element (left boundary)
% Since boundary condition is not homogeneous, it doesn't contribute to the matrix
            A(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
        elseif ((i>(K-1)*Np) && (j>(K-1)*Np))
% k=K; % the last element (right boundary)
% Since c is positive, no boundary conditions condition can be imposed
% here: the value here is completely defined by the equation
            A(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);           
        elseif ((j>Np) && (floor((j-1)/Np)==floor((i-1)/Np)) && (j<=(K-1)*Np))
% k=1+floor((j-1)/Np); % all internal elements     
            A(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);
        end        
    end
end
 
A=-2/h*A;
 
 
% Computing amplification matrix
 
B=inv(I-c*dt*A);
 
 
% Computing contribution from (left) boundary condition and integrating
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% altogether using BackwardEuler scheme
 
f=zeros(1,K*Np);
 
for m=1:(M-1)
    
    for i=1:Np
        f(i)=2/h*c*a(m+1)*legendre_norm_symb(-1,i-1);
    end
 
    u_(m+1,:)=B*u_(m,:)'+dt*B*f';
 
    m % displays current time step to track status and estimate computational time
 
end
 
% Recover solution from its expansion coefficient vector
 
for m=1:M
    u(m,:)=zeros(1,K*Np);
    for k=1:K
        for l=1:Np
            j=(k-1)*Np+l;
            for i=1:Np
                u(m,j)=u(m,j)+u_(m,(k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x(k,
Np))/h,i-1);
            end
        end
    end
 
end
 
 
% Plotting solution
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),u(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),sin(x(k,:)-c*t(M)), '-b');
    legend('Computed', 'Analytical', 'Location', 'SouthEast');
%    legend('Computed', 'Analytical');
end
title(['Solution at T=', num2str(T), ' with upwind num. fluxes']);
 
 
% Stability checks 
 
lmbds_A=eig(A);
lmbds_B=eig(B);
 
max(real(lmbds_A)) % maximal real eigenvalue of discretization matrix
max(abs(lmbds_B)) % spectral radius of amplification matrix
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%% Maxwell's equation DG-StaggeredLF4 solver by Dmitry Ponomarev (22/07/2009).
 
% We use Legendre basis functions and as internal numerical fluxes we take
% purely central fluxes. 
 
 
K=10; % number of elements = space intervals
Np=4; % number of points inside an element  = interpolation order + 1
 
L=10; % spatial interval
c=0.9; % light propagation speed
h=L/K; % size of an element
 
M=21; % number of time points
T=10; % time of integration
 
 
% Initialization
 
dt=T/(M-1); % time step size
t=0:dt:T; % time discretization
 
X=0:h:L; % spatial interval partitioning into elements
x=zeros(K,Np); % grid matrix; first index stands for an element number, second for a 
point inside it
 
E=zeros(M,K*Np); % electric field vector
E_=zeros(M,K*Np); % vector of coefficients of electric field expansion
B=zeros(M,K*Np); % magnetic field vector
B_=zeros(M,K*Np); % vector of coefficients of magnetic field expansion
w=zeros(M,2*K*Np); % combined electric and magnetic fields vector
w_=zeros(M,2*K*Np); % combined vector of coefficients
 
S_=zeros(Np,Np); % stiffness matrix
 
% Discretization matrices for electric and magnetic fields
 
A_E=zeros(K*Np,K*Np); 
A_B=zeros(K*Np,K*Np);
 
% Some auxiliary matrices
 
S1=zeros(K*Np,K*Np);
S2=zeros(K*Np,K*Np);
C1=zeros(K*Np,K*Np); 
C2=zeros(K*Np,K*Np); 
 
I=eye(K*Np,K*Np); 
 
% Amplification matrix and its eigenvalues
 
C=zeros(2*K*Np,2*K*Np);
lmbds_C=zeros(1,2*K*Np);
 
% Initial conditions
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syms x_;
a=sin(pi*x_/L);
b=cos(pi*x_/L)*sin(-pi*c*0.5*dt/L); % this is not zero due to the staggered grid
 
% Generating grid
 
for k=1:K
    for l=1:Np
        x(k,l)=X(k)+h*(l-1)/(Np-1);
    end
end
 
 
% Transforming initial conditions into expansion coefficient vectors
 
syms x_;
for k=1:K
    for l=1:Np
        j=(k-1)*Np+l;
        E_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*a,x_,x(k,1),x
(k,Np));
        B_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*b,x_,x(k,1),x
(k,Np));
    end
end
 
 
% Computing the stiffness matrix
 
k=1; % take arbitrary element, since it is the same for all elements
for i=1:Np
    for j=1:Np        
       tmp=diff(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,i-1),x_);
       S_(i,j)=int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,j-1)*tmp,x_,x(k,1),x(k,
Np));
    end
end
 
 
% Applying the DG method to obtain spatial discretization matrices A_E and A_B
 
for i=1:K*Np
    for j=1:K*Np
        if (mod(i,Np)~=0) i_=mod(i,Np); else i_=Np; end
        if (mod(j,Np)~=0) j_=mod(j,Np); else j_=Np; end
        if ((i<=Np) && (j<=Np)) 
% k=1; % the first element (left boundary)
% We use homogeneneous conditions: Dirichlet for E, Neumann for B (by utilizing ghost 
cell principle)
            A_E(i,j)=-S_(i_,j_)+0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-
1);
            A_E(i,j+Np)=0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);
            A_B(i,j)=-S_(i_,j_)+0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-
1);
            A_B(i,j)=A_B(i,j)-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-1);
            A_B(i,j+Np)=0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);
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        elseif ((i>(K-1)*Np) && (j>(K-1)*Np))
% k=K; % the last element (right boundary)
% Again we use homogeneneous conditions: Dirichlet for E, Neumann for B (by utilizing 
right ghost cell)
            A_E(i,j)=-S_(i_,j_)-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,
j_-1);
            A_E(i,j-Np)=-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);     
            A_B(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_B(i,j)=A_B(i,j)-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-
1);
            A_B(i,j-Np)=-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);     
        elseif ((j>Np) && (floor((j-1)/Np)==floor((i-1)/Np)) && (j<=(K-1)*Np))
% k=1+floor((j-1)/Np); % all internal elements           
            A_E(i,j)=-S_(i_,j_)+0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-
1);
            A_E(i,j)=A_E(i,j)-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-
1);
            A_E(i,j-Np)=-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);     
            A_E(i,j+Np)=0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);
            A_B(i,j)=-S_(i_,j_)+0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-
1);
            A_B(i,j)=A_B(i,j)-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-
1);
            A_B(i,j-Np)=-0.5*legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);     
            A_B(i,j+Np)=0.5*legendre_norm_symb(1,i_-1)*legendre_norm_symb(-1,j_-1);      
        end        
    end
end
 
A_E=-2/h*A_E;
A_B=-2/h*A_B;
 
 
% Forming amplification matrix C
 
S1=dt*c*(A_B+1/24*(dt*c)^2*A_B*A_E*A_B);
S2=dt*c*(A_E+1/24*(dt*c)^2*A_E*A_B*A_E);
C1=cat(1,I,S2);
C2=cat(1,S1,I+S2*S1);
C=cat(2,C1,C2);
 
% Forming combined electric and magnetic fields expansion coefficients vector
w_(1,:)=cat(2,E_(1,:),B_(1,:));
 
 
% Applying the StaggeredLF4 scheme to perform time integration
 
for m=1:(M-1)
 
    w_(m+1,:)=C*w_(m,:)';
 
    m % displays current time step to track status and estimate computational time
 
end
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% Recover electric and magnetic fields from the expansion coefficients vector
 
% In order to decrease running time we recover solutions just at the final time of 
integration,
% but when interested in dynamics on stability boundary, uncommenting this loop will 
allow
% keeping some transient solutions for plotting
 
m=M; 
%for m=1:M % 
 
    E(m,:)=zeros(1,K*Np);
    B(m,:)=zeros(1,K*Np);
 
    for k=1:K
        for l=1:Np
            j=(k-1)*Np+l;
            for i=1:Np
                E(m,j)=E(m,j)+w_(m,(k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x(k,
Np))/h,i-1);
                B(m,j)=B(m,j)+w_(m,(K+k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x
(k,Np))/h,i-1);
            end
        end
    end
%end
 
 
% Plotting solutions for electric and magnetic fields
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),E(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),sin(pi*x(k,:)/L)*cos(pi*c*t(M)/L), '-b');
    legend('Computed', 'Analytical');
end
title(['Solution for E at time t=', num2str(T), ' with central num. fluxes']);
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),B(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),cos(pi*x(k,:)/L)*sin(-pi*c*(t(M)+0.5*dt)/L), '-b');
    legend('Computed', 'Analytical', 'Location', 'SouthEast');
%    legend('Computed', 'Analytical');
end
title(['Solution for B at time t=', num2str(T+dt/2), ' with central num. fluxes']);
 
% Stability checks
 
lmbds_C=eig(C);
max(abs(lmbds_C)) % spectral radius of the amplification matrix
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%% Maxwell's equation DG-StaggeredLF4 solver by Dmitry Ponomarev (22/07/2009).
 
% We use Legendre basis functions and as internal numerical fluxes we take
% purely upwind fluxes. 
 
 
K=10; % number of elements = space intervals
Np=4; % number of points inside an element = interpolation order + 1
 
L=10; % spatial interval
c=0.9; % light propagation speed
h=L/K; % size of an element
 
M=21; % number of time points
T=0.56; % 10*0.9/0.05=10/18~=0.56; time of integration
 
 
% Initialization
 
dt=T/(M-1); % time step size
t=0:dt:T; % time discretization
 
X=0:h:L; % spatial interval partitioning into elements
x=zeros(K,Np); % grid matrix; first index stands for an element number, second for a 
point inside it
 
E=zeros(M,K*Np); % electric field vector
E_=zeros(M,K*Np); % vector of coefficients of electric field expansion
B=zeros(M,K*Np); % magnetic field vector
B_=zeros(M,K*Np); % vector of coefficients of magnetic field expansion
w=zeros(M,2*K*Np); % combined electric and magnetic fields vector
w_=zeros(M,2*K*Np); % combined vector of coefficients
 
S_=zeros(Np,Np); % stiffness matrix
 
% Discretization matrices for electric and magnetic fields
 
A_E=zeros(K*Np,K*Np); 
A_B=zeros(K*Np,K*Np);
 
% Some auxiliary matrices
 
S1=zeros(K*Np,K*Np);
S2=zeros(K*Np,K*Np);
C1=zeros(K*Np,K*Np); 
C2=zeros(K*Np,K*Np); 
 
I=eye(K*Np,K*Np); 
 
% Amplification matrix and its eigenvalues
 
C=zeros(2*K*Np,2*K*Np);
lmbds_C=zeros(1,2*K*Np);
 
% Initial conditions
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syms x_;
a=sin(pi*x_/L);
b=cos(pi*x_/L)*sin(-pi*c*0.5*dt/L); % this is not zero due to the staggered grid
 
% Generating grid
 
for k=1:K
    for l=1:Np
        x(k,l)=X(k)+h*(l-1)/(Np-1);
    end
end
 
 
% Transforming initial conditions into expansion coefficient vectors
 
syms x_;
for k=1:K
    for l=1:Np
        j=(k-1)*Np+l;
        E_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*a,x_,x(k,1),x
(k,Np));
        B_(1,j)=2/h*int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,l-1)*b,x_,x(k,1),x
(k,Np));
    end
end
 
 
% Computing the stiffness matrix
 
k=1; % take arbitrary element, since it is the same for all elements
for i=1:Np
    for j=1:Np        
       tmp=diff(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,i-1),x_);
       S_(i,j)=int(legendre_norm_symb((2*x_-x(k,1)-x(k,Np))/h,j-1)*tmp,x_,x(k,1),x(k,
Np));
    end
end
 
 
% Applying the DG method to obtain spatial discretization matrices A_E and A_B
 
for i=1:K*Np
    for j=1:K*Np
        if (mod(i,Np)~=0) i_=mod(i,Np); else i_=Np; end
        if (mod(j,Np)~=0) j_=mod(j,Np); else j_=Np; end
        if ((i<=Np) && (j<=Np)) 
% k=1; % the first element (left boundary)
% We use homogeneneous conditions: Dirichlet for E, Neumann for B (by utilizing ghost 
cell principle)
            A_E(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_B(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_B(i,j)=A_B(i,j)-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(-1,j_-1);
        elseif ((i>(K-1)*Np) && (j>(K-1)*Np))
% k=K; % the last element (right boundary)
% Again we use homogeneneous conditions: Dirichlet for E, Neumann for B (by utilizing 
right ghost cell)
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            A_E(i,j)=-S_(i_,j_);
            A_E(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);         
            A_B(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_B(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);         
        elseif ((j>Np) && (floor((j-1)/Np)==floor((i-1)/Np)) && (j<=(K-1)*Np))
% k=1+floor((j-1)/Np); % all internal elements           
            k_=1+floor((j-1)/Np);            
            A_E(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_E(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);         
            A_B(i,j)=-S_(i_,j_)+legendre_norm_symb(1,i_-1)*legendre_norm_symb(1,j_-1);
            A_B(i,j-Np)=-legendre_norm_symb(-1,i_-1)*legendre_norm_symb(1,j_-1);         
        end        
    end
end
 
A_E=-2/h*A_E;
A_B=-2/h*A_B;
 
 
% Forming amplification matrix C
 
S1=dt*c*(A_B+1/24*(dt*c)^2*A_B*A_E*A_B);
S2=dt*c*(A_E+1/24*(dt*c)^2*A_E*A_B*A_E);
C1=cat(1,I,S2);
C2=cat(1,S1,I+S2*S1);
C=cat(2,C1,C2);
 
 
% Forming combined electric and magnetic fields expansion coefficients vector
w_(1,:)=cat(2,E_(1,:),B_(1,:));
 
 
% Applying the StaggeredLF4 scheme to perform time integration
 
for m=1:(M-1)
 
    w_(m+1,:)=C*w_(m,:)';
 
    m % displays current time step to track status and estimate computational time
 
end
 
 
% Recover electric and magnetic fields from the expansion coefficients vector
 
% In order to decrease running time we recover solutions just at the final time of 
integration,
% but when interested in dynamics on stability boundary, uncommenting this loop will 
allow
% keeping some transient solutions for plotting
 
m=M; 
%for m=1:M % 
 
    E(m,:)=zeros(1,K*Np);
    B(m,:)=zeros(1,K*Np);
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    for k=1:K
        for l=1:Np
            j=(k-1)*Np+l;
            for i=1:Np
                E(m,j)=E(m,j)+w_(m,(k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x(k,
Np))/h,i-1);
                B(m,j)=B(m,j)+w_(m,(K+k-1)*Np+i)*legendre_norm_symb((2*x(k,l)-x(k,1)-x
(k,Np))/h,i-1);
            end
        end
    end
%end
 
 
% Plotting solutions for electric and magnetic fields
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),E(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),sin(pi*x(k,:)/L)*cos(pi*c*t(M)/L), '-b');
    legend('Computed', 'Analytical');
end
title(['Solution for E at time t=', num2str(T), ' with upwind num. fluxes']);
 
figure;
hold on;
grid on;
for k=1:K
    plot(x(k,:),B(M,(1+(k-1)*Np):k*Np), '-r');
    plot(x(k,:),cos(pi*x(k,:)/L)*sin(-pi*c*(t(M)+0.5*dt)/L), '-b');
    legend('Computed', 'Analytical', 'Location', 'SouthEast');
%    legend('Computed', 'Analytical');
end
title(['Solution for B at time t=', num2str(T+dt/2), ' with upwind num. fluxes']);
 
% Stability checks
 
lmbds_C=eig(C);
max(abs(lmbds_C)) % spectral radius of the amplification matrix
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%% Orthonormal Legendre polynomial generator by Dmitry Ponomarev (22/07/2009).
 
% We utilize Rodrigues' formula in order to have symbolic polynomial
% expression of order n with respect to x_.
 
 
function [P_]=legendre_norm_symb(x_,n)
if n==0
    P_=1/sqrt(2);
else
    syms r;
    tmp=eval(1/(2^n*factorial(n))*sqrt((2*n+1)/2)*diff((r^2-1)^n,n));
    P_=subs(tmp,x_);
end
end
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